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A B S T R A C T

We present a novel micromechanics-based phase field approach to model crack initiation and propagation
in carbon nanotube (CNT) based composites. The constitutive mechanical and fracture properties of the
nanocomposites are first estimated by a mean-field homogenisation approach. Inhomogeneous dispersion of
CNTs is accounted for by means of equivalent inclusions representing agglomerated CNTs. Detailed parametric
analyses are presented to assess the effect of the main micromechanical properties upon the fracture behaviour
of CNT-based composites. The second step of the proposed approach incorporates the previously estimated
constitutive properties into a phase field fracture model to simulate crack initiation and growth in CNT-based
composites. The modelling capabilities of the framework presented is demonstrated through three paradigmatic
case studies involving mode I and mixed mode fracture conditions.
1. Introduction

There is an increasing interest on the role of nano-modified com-
posite materials in a number of future technologies across structural,
biomedical, electronic, automotive, aircraft, and energy engineering
[1]. In particular, CNT-reinforced composite materials have attracted
vast attention due to their remarkable multi-functional properties;
namely, large mechanical strength, lightweight, thermochemical sta-
bility, and high electrical conductivity [2–8]. However, the material
behaviour of CNT-based composites is not yet fully understood, and
there is a need for developing models that can predict their deformation
and failure.

The modelling of CNT-based composites is a challenging problem
given their multi-scale nature and the large number of microstruc-
tural features affecting their behaviour [9,10]. Several approaches
have been proposed to calculate the effective elastic properties of
CNT-reinforced composites. Amongst them, numerical homogenisation
approaches based on molecular dynamics (MD) [11,12] or atomistic-
based continuum [13,14] are particularly popular. Nevertheless, while
these techniques offer a high-fidelity representation of the microstruc-
ture, their application is often limited to the simulation of reduced sets
of atoms due to computational cost. Homogenisation methods based
on mean-field theory provide a computationally efficient alternative,
making it possible to simulate larger microstructures in an analytical
or semi-analytical manner. While relying on simplified assumptions
about the interaction between the constituent phases, mean-field ho-
mogenisation has proved suitable for a wide variety of composite
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materials, including CNT-based composites. In this light, it is worth
noting the recent work by Daghigh et al. [15], who conducted non-local
bending and buckling analyses of CNT-reinforced composite nanoplates
resting on a Pasternak foundation using the Mori–Tanaka mean-field
method. A similar approach was used by Ghasemi and co-authors [16]
to investigate the dynamic behaviour of CNTs/fibre/polymer/metal
laminated cylindrical shells. Considerable efforts have been devoted
to the modelling of the specific features of CNT-based microstructures,
including the variability in the geometrical properties and orientation
of CNTs, filler waviness, and agglomeration. The appearance of in-
homogeneous dispersions of CNTs is of particular concern since filler
agglomerates act as micro-structural defects compromising the effective
properties of the composite (see e.g. [17]). Filler agglomeration in
clusters originates due to the large surface area of CNTs inducing strong
van der Waals adhesion forces [18–20]. In the realm of mean-field
homogenisation, agglomeration effects are commonly accounted for
by means of the two-parameter agglomeration model proposed by Shi
et al. [9]. This model conceives the composite as a two-phase material,
including clusters or zones of agglomerated fillers and the surrounding
matrix with less dispersed fillers. The simplicity and compatibility of
this approach with most mean-field homogenisation techniques have
favoured its implementation in numerous research works. For instance,
Moradi-Dastjerdi et al. [21] investigated the electromechanical static
behaviour of nanocomposite porous aggregated CNTs/polymer plates
bonded between two piezoceramics faces. In their work, the elastic
properties of the CNT/polymer composite were estimated by the Mori–
Tanaka homogenisation model in combination with the two-parameter
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agglomeration model. Their results demonstrated that the flexibility of
the plate is highly conditioned by the agglomeration level. Following
similar homogenisation approaches, several recent contributions can be
found in the literature on the analysis of agglomeration effects upon the
elastic response of micro- or macroscopic structural elements, includ-
ing pipes [22], conical panels [23], planar shells [15], or cylindrical
shells [16,24], to mention a few.

Modelling fracture poses an extra level of complexity, and the
number of articles reporting on the analysis of the fracture resistance
of CNT-based composites is remarkably smaller. This is largely due
to the difficulties involved in the characterisation of the mechanisms
governing their fracture energy properties. Most works are focused
on incorporating the role of pull-out and the filler fracture mech-
anisms [25–27]. A pioneering work in this area is that of Mirjalili
and Hubert [28], who extended the classical formulation of bridg-
ing toughening in short-fibre composites by Fu and Lauke [29] and
Kelly [30]. An analytical formulation was proposed to estimate the
fracture energy of CNT-based composites including the contributions
of fibre pull-out and fracture [28]. The relative contribution of these
two mechanisms is governed by the so-called critical embedment length.
This length parameter governs the balance between the forces needed
to break a CNT and the filler/matrix interfacial bonding force to pull
it out. Below this critical length, only CNT pull-out contributes to the
fracture energy of the composite, while the bridging effect is given by
the sum of CNT pull-out and rupture contributions for average lengths
above the critical length. The previous formulation was extended by
Menna et al. [31] to take into account statistical distributions of the
length and orientation of CNTs. However, no agglomeration effects
have been considered in these works. Among the few contributions
reporting on such effects, it is worth noting the work by Zeidenidi
et al. [32] who experimentally investigated the fracture toughness
of CNT/epoxy composites. Those authors also attempted to extend
the previously mentioned formulation to account for agglomeration
effects through certain empirical factors affecting the filler volume
fraction and the effective Young’s modulus of the composite. While
the developed model was based upon strong simplifications and was
dependent on experimental calibration, considerably good agreements
were found with experimental data, highlighting the detrimental effect
of agglomeration upon the fracture toughness of CNT-based composites.

Fewer works have been devoted to the simulation of crack prop-
agation in microscopic or macroscopic CNT-based composite systems
and all of them involve the use of discrete computational methods.
Eftekhari and Ardakani [33] implemented a multi-scale approach com-
bining MD and XFEM to model the fracture behaviour of carbon
CNT-reinforced concrete. Negi et al. [34] also used XFEM to investigate
the fracture behaviour of thin plates doped with fully aligned CNTs,
including plates with edge cracks and multiple holes. However, discrete
2

methods are limited when dealing with complex crack topologies,
arbitrary crack trajectories or the interaction of multiple cracks. Phase
field fracture methods have emerged as a promising alternative to
discrete approaches [35–37]. By using an auxiliary (phase field) vari-
able to track the interface between fractured and unbroken phases,
complex cracking phenomena can be captured on the original finite
element mesh. Phase field approaches are enjoying a notable popularity
in fracture mechanics, spanning numerous applications; from chemo-
mechanical fracture [38–40] to shape memory alloys [41,42]. The
success of phase field fracture methods has recently been extended
to composite materials (see Ref. [43] for a review). Developments
include the simulation of intralaminar and translaminar fracture in
long-fibre composites [44–46], anisotropic formulations [47,48], the
analysis of functionally graded composites [49,50], micromechanical
models that explicitly resolve the microstructure [51–53] and multi-
scale approaches [54], However, no phase field fracture formulation
for CNT-based composites has been presented yet.

In this work, we propose the first phase field model for predicting
crack nucleation and growth in CNT-based composites. The proposed
approach incorporates constitutive models based on mean-field theory
to predict the elastic and fracture properties of the composite material.
Additionally, in view of the literature gap regarding the modelling
of agglomeration effects in fracture, a novel stochastic agglomera-
tion model is presented. The proposed agglomeration model extends
the two-parameter model by Shi et al. [9], and implements a prob-
ability distribution of the number of CNTs agglomerated in bundles.
To demonstrate the potential of the proposed approach, three study
cases are presented. These include a single-edge notched plate sub-
jected to uniaxial and shear loading, and a holed plate under traction.
Through parametric analyses, we investigate and discuss the effects
of the filler volume fraction, aspect ratio and agglomeration on the
fracture behaviour of CNT-based composites.

2. Micromechanics modelling of CNT-reinforced composites

Here, we present our micromechanical formulation for the de-
formation (Section 2.1) and fracture (Section 2.2) behaviours of the
composite material.

2.1. Effective elastic properties

2.1.1. Effective elastic moduli using a double-inclusion model
To estimate the elastic properties of CNT-based composites, let us

consider the representative volume element (RVE) shown in Fig. 1.
This comprises the matrix phase, randomly oriented CNTs, and the
interface between them, which are denoted by indexes 𝑚, 𝑝, and 𝑖,
Fig. 1. Schematic representation of a CNT-based composite plate, a representative volume element (RVE), and the local orientation of a CNT defined by the Euler angles, 𝜃 and 𝛾
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Fig. 2. Scheme of the two-step micromechanics model to incorporate agglomeration effects on the elastic properties of CNT-based composites.
respectively. This RVE is assumed to contain a sufficient number of
fillers such that the overall properties of the composite are statistically
represented. A local coordinate system K′ ≡

{

0; 𝑥′1𝑥
′
2𝑥

′
3
}

is fixed at each
particle, and two Euler angles, 𝜃 and 𝛾, are defined to describe the
relative orientation of the fillers with respect to the global coordinate
system. The geometrical dimensions of the CNTs are assumed constant
throughout the RVE, including their length 𝐿𝑐𝑛𝑡, diameter 𝐷𝑐𝑛𝑡, and the
interphase thickness 𝑡.

Following the notation of Hori and Nemat-Nasser [55], a CNT and
its surrounding interphase can be modelled as a double inclusion as
shown in the right part of Fig. 1. Denoting the linear elastic tensors
of the constituent phases as 𝐂𝑚, 𝐂𝑝, and 𝐂𝑖, and the corresponding
volume fractions as 𝑓𝑚, 𝑓𝑝 and 𝑓𝑖, the effective constitutive tensor of
the three-phase composite can be obtained as [56,57]:

�̄� = (𝑓𝑚𝐂𝑚 + 𝑓𝑖⟨𝐂𝑖 ∶𝐀𝑖⟩ + 𝑓𝑝⟨𝐂𝑝 ∶𝐀𝑝⟩)∶ (𝑓𝑚𝐈 + 𝑓𝑖⟨𝐀𝑖⟩ + 𝑓𝑝⟨𝐀𝑝⟩)−1, (1)

where 𝐈 is the fourth-order identity tensor, whereas 𝐀𝑖 and 𝐀𝑝 refer
to the concentration tensors for the interphases and the inclusions,
respectively. These quantities can be written as a function of the dilute
concentration tensors 𝐀𝑑𝑖𝑙𝑖 and 𝐀𝑑𝑖𝑙𝑝 as [55]:

𝐀𝛼 = 𝐀𝑑𝑖𝑙𝛼 ∶ (𝑓𝑚𝐈 + 𝑓𝑖𝐀𝑑𝑖𝑙𝑖 + 𝑓𝑝𝐀𝑑𝑖𝑙𝑝 )−1, 𝛼 = 𝑝, 𝑖 (2)

where

𝐀𝑑𝑖𝑙𝛼 = 𝐈 + 𝐒∶𝐓𝛼 , 𝛼 = 𝑝, 𝑖 (3)

𝐓𝛼 = −(𝐒 +𝐌𝛼)−1, 𝛼 = 𝑝, 𝑖 (4)

𝐌𝛼 = (𝐂𝛼 − 𝐂𝑚)−1 ∶𝐂𝑚, 𝛼 = 𝑝, 𝑖 (5)

Here, 𝐒 corresponds to Eshelby’s tensor for an spheroidal particle,
determined by the aspect ratio of the CNTs, 𝜅 = 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡, and by the
Poisson’s ratio of the matrix, 𝜈𝑚. The reader is referred to Ref. [58]
for explicit definitions of 𝐒 for a variety of filler geometries. The
angle brackets ⟨⋅⟩ in Eq. (1) denote the orientational average over the
entire space of Euler angles weighted by an orientation distribution
function (ODF), 𝛺(𝛾, 𝜃). Specifically, the orientational average of a
certain function 𝐹 (𝛾, 𝜃) reads:

⟨𝐹 ⟩ = ∫

2𝜋

0 ∫

𝜋∕2

0
𝐹 (𝛾, 𝜃)𝛺(𝛾, 𝜃) sin(𝜃)d𝜃d𝛾. (6)

In the particular case of random filler orientations, any orienta-
tion is equally probable and the ODF takes the shape of a uniform
probability distribution with a constant value 𝛺(𝛾, 𝜃) = 1∕2𝜋.

It remains to compute the volume fraction of the interphases 𝑓𝑖.
Assuming penetrable soft interphases, 𝑓𝑖 can be calculated using the
formulation derived by Xu et al. [59] as:

𝑓𝑖 = (1 − 𝑓𝑝)

(

1 − exp

{

−
6𝑓𝑝

[

𝜂
+

(

2 +
3𝑓𝑝

2

)

𝜂2
3

1 − 𝑓𝑝 𝑛(𝜅) 𝑛 (𝜅)(1 − 𝑓𝑝)
+ 4
3

(

1 +
3𝑓𝑝

𝑛(𝜅)(1 − 𝑓𝑝)

)

𝜂3
]})

, (7)

with 𝜂 being the ratio of the interfacial thickness 𝑡 and the equiva-
lent diameter 𝐷𝑒𝑞 (i.e. 𝜂 = 𝑡∕𝐷𝑒𝑞). The equivalent diameter denotes
the diameter of an equivalent sphere with the same volume as the
particles [60]. In the case of CNTs with aspect ratio 𝑘 > 1, 𝐷𝑒𝑞 can
be determined as 𝐷𝑒𝑞 = 𝐷𝑐𝑛𝑡𝜅1∕3. Finally, the term 𝑛(𝜅), denotes the
sphericity of the CNTs and is defined as the ratio between the surface
areas of the equivalent spheres and the particles, which reads [61]:

𝑛(𝜅) =
2𝜅2∕3 tan𝜑
tan𝜑 + 𝜅2𝜑

, (8)

with 𝜑 = arcos(𝛽), and 𝛽 = 1∕𝜅.

2.1.2. Agglomeration of CNTs
In order to incorporate agglomeration effects into a mean-field

homogenisation framework, the two-parameter agglomeration model
by Shi et al. [9] is implemented. This approach conceives the composite
as a two-phase material, including bundles with high filler contents
and the lightly loaded surrounding matrix. Therefore, the volume of
the RVE, 𝑉 , and the volume of CNTs 𝑉𝑟 can be written as:

𝑉 = 𝑉𝑏𝑢𝑛𝑑𝑙𝑒𝑠 + 𝑉𝑚𝑎𝑡𝑟𝑖𝑥, 𝑉𝑟 = 𝑉 𝑏𝑢𝑛𝑑𝑙𝑒𝑠
𝑟 + 𝑉 𝑚𝑎𝑡𝑟𝑖𝑥

𝑟 , (9)

where 𝑉𝑏𝑢𝑛𝑑𝑙𝑒𝑠 and 𝑉𝑚𝑎𝑡𝑟𝑖𝑥 refer to the volume of the bundles and the
matrix, respectively, whereas 𝑉 𝑏𝑢𝑛𝑑𝑙𝑒𝑠

𝑟 and 𝑉 𝑚𝑎𝑡𝑟𝑖𝑥
𝑟 stand for the CNT

concentrations in the bundles and in the matrix, respectively. Now, two
agglomeration parameters, 𝜒 and 𝜁 , can be defined as follows:

𝜒 =
𝑉𝑏𝑢𝑛𝑑𝑙𝑒𝑠
𝑉

, 𝜁 =
𝑉 𝑏𝑢𝑛𝑑𝑙𝑒𝑠
𝑟
𝑉𝑟

, (10)

and, considering the total CNTs volume fraction 𝑓𝑝 = 𝑉𝑟∕𝑉 , the filler
volume fractions in the bundles 𝑓𝑏𝑢𝑛𝑑𝑙𝑒 and in the matrix 𝑓𝑚𝑎𝑡𝑟𝑖𝑥 can be
obtained as:

𝑓𝑏𝑢𝑛𝑑𝑙𝑒𝑠 =
𝑉 𝑏𝑢𝑛𝑑𝑙𝑒𝑠
𝑟
𝑉𝑏𝑢𝑛𝑑𝑙𝑒𝑠

=
𝜁
𝜒
𝑓𝑝, 𝑓𝑚𝑎𝑡𝑟𝑖𝑥 =

𝑉 𝑚𝑎𝑡𝑟𝑖𝑥
𝑟
𝑉𝑚𝑎𝑡𝑟𝑖𝑥

=
1 − 𝜁
1 − 𝜒

𝑓𝑝. (11)

On this basis, a two-step homogenisation model inspired by Ref. [57]
is implemented as sketched in Fig. 2. The first step consists in the
estimation of the effective properties of the clusters and the homoge-
neously dispersed CNTs in the surrounding matrix, separately. To do
so, the double-inclusion model previously overviewed in Section 2.1.1
(Eq. (1)) is applied to the bundles and the surrounding matrix in-
dependently, with the only difference being the volume fraction of
the reinforcing fillers. Specifically, values of 𝑓𝑝 = 𝑓𝑏𝑢𝑛𝑑𝑙𝑒𝑠 and 𝑓𝑝 =
𝑓𝑚𝑎𝑡𝑟𝑖𝑥 are considered for the bundles and the surrounding matrix,
respectively. The resulting constitutive tensors of the bundles and the
surrounding matrix are denoted as �̄�𝑏 and �̄�𝑚, respectively. Next, the
overall constitutive tensor of the composite is obtained in the second
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Fig. 3. Micromechanics of CNT composite fracture: (a) Schematic representation of the CNT-induced bridging mechanisms (pull-out and CNT rupture), (b) agglomeration of CNTs,
and (c) cross-section plane of the agglomeration model (involving 19 CNTs).
Table 1
Ratio and density in function of the number of CNTs inside the enclosing circle
diameter.

Number of CNTs 𝑁 1 2 5 10 20 50 100
Ratio 𝑅 = 𝐷𝑒𝑑∕𝐷𝑐𝑛𝑡 1 2 2.701 3.813 5.122 7.947 11.082
Density 𝜌𝐴 =

(

𝑁𝐴𝑐𝑛𝑡
)

∕𝐴𝑒𝑑 1 0.5 0.685 0.687 0.762 0.791 0.814

step considering bundles as spherical inclusions and the lightly loaded
matrix as the matrix phase. In this case, the volume fraction of the
bundles is given the by parameter 𝜒 , as previously reported in Eq. (10).
Considering the constitutive tensors obtained in the first step, �̄�𝑏 and
�̄�𝑚, the overall constitutive tensor can be estimated by applying the
Eshelby–Mori–Tanaka model as [62]:

�̄� = �̄�𝑚 + 𝜒(�̄�𝑏 − �̄�𝑚)∶𝐀, (12)

where,

𝐀 = 𝐀𝑑𝑖𝑙 ∶
[

(1 − 𝜒)𝐈 + 𝜒𝐀𝑑𝑖𝑙
]−1 , (13)

and

𝐀𝑑𝑖𝑙 = (𝐈 + 𝐒𝑏 ∶𝐂−1
𝑚 )∶ (𝐂𝑏 − 𝐂𝑚)−1. (14)

Eshelby’s tensor 𝐒𝑏 in Eq. (14) depends on the geometry of the
clusters, which is assumed to be spheroidal. Nonetheless, the formu-
lation in Eq. (12) is general, and different geometries of clusters can be
accounted for by implementing the corresponding Eshelby’s tensor.

2.2. Fracture energy formulation

As outlined in Fig. 3 two main elements set the basis for our
micromechanical homogenisation of the fracture behaviour: (i) a tough-
ening contribution from pull-out and CNT rupture mechanisms, and (ii)
the role of CNT agglomeration.

2.2.1. Fracture energy: pull-out and fracture
The fracture resistance of CNT-based composites is mainly gov-

erned by two contributions: the toughness of the matrix, 𝐺0, and the
fibre bridging toughening mechanisms; the latter are accounted for
here through the term 𝐺𝑃𝐹 . Accordingly, the CNT-based composite
toughness equals,

𝐺𝑐 = 𝐺0 + 𝐺𝑃𝐹 , (15)

where 𝐺𝑃𝐹 incorporates the two main fibre toughening mechanisms
identified in the literature [29,31]: the fracture and pull-out of CNTs
(see Fig. 3a). Their relative contribution can be quantified by means
of the critical length 𝐿𝑐𝜃 [63], which can be defined from applying a
simple force balance to a CNT as:

𝐴 𝜎 = 𝐿 𝑃 𝜏 𝑒𝜇𝜃 , (16)
4

𝑐𝑛𝑡 𝑢𝑙𝑡𝜃 𝑐𝜃 𝑐𝑛𝑡 𝑖𝑛𝑡
where 𝐴𝑐𝑛𝑡 is the area of the CNT cross-section, 𝑃𝑐𝑛𝑡 is the perimeter of
the cross-section, 𝜏𝑖𝑛𝑡 is the interfacial frictional shear stress, and 𝜎𝑢𝑙𝑡𝜃
is the fracture stress of oblique fibres. For brittle fibres, 𝜎𝑢𝑙𝑡𝜃 is given
by [64]:

𝜎𝑢𝑙𝑡𝜃 = 𝜎𝑢𝑙𝑡 [1 − 𝐴 tan(𝜃)] , (17)

where 𝜎𝑢𝑙𝑡 is the fracture strength of a CNT, and 𝐴 is a constant
determining the fibre inclined strength. Then, if the embedment length
𝑙 of a CNT is lower than the critical length, i.e. 𝑙 < 𝐿𝑐𝜃∕2, the CNT
will pull out. Conversely, the CNT rupture mechanism will take place
if 𝑙 ≥ 𝐿𝑐𝜃∕2. Thus, the work of fracture of a single CNT can be defined
in a piecewise fashion as [31]:

𝑊 (𝑙, 𝜃) =

{

𝑙2𝜏𝑖𝑛𝑡𝑃𝑐𝑛𝑡 exp(𝜇𝜃)∕2 if 𝑙 < 𝐿𝑐𝜃
2

𝐴𝑐𝑛𝑡𝜎2𝑢𝑙𝑡𝐿𝑐𝑛𝑡∕
(

2𝐸𝑐𝑛𝑡
)

if 𝑙 ≥ 𝐿𝑐𝜃
2 ,

(18)

where 𝐸𝑐𝑛𝑡 is the Young’s modulus of the CNT, and 𝜇 is the snubbing
friction coefficient for misaligned CNTs [63]. Assuming CNTs present
a cylindrical geometry, 𝐴𝑐𝑛𝑡 = 𝜋𝐷2

𝑐𝑛𝑡∕4 and 𝑃𝑐𝑛𝑡 = 𝜋𝐷𝑐𝑛𝑡. Then, the
fracture energy considering straight CNTs can be obtained as [26]:

𝐺𝑃𝐹 =
2𝑓𝑝

𝐴𝑐𝑛𝑡𝐿𝑐𝑛𝑡 ∫

𝜋∕2

𝜃=0 ∫

𝐿𝑐𝑛𝑡∕2

𝑙=0
cos(𝜃)𝑊 (𝑙, 𝜃)𝑔(𝜃) d𝑙d𝜃, (19)

where 𝑔(𝜃) is an orientation distribution function accounting for the ori-
entation of CNTs. Although the orientation of CNTs is three-dimensional
in nature, one single angle 𝜃 between the loading direction and the
fibre axis has been reported to suffice to capture the effect of the fibre
orientation in short-fibre composites [29,65]. In statistical terms, 𝑔(𝜃)
can be defined to describe the planar orientation distribution of the
CNTs as [66,67]:

𝑔(𝜃) =
sin(𝜃)2𝑝−1 cos(𝜃)2𝑞−1

∫ 𝜃𝑚𝑎𝑥𝜃𝑚𝑖𝑛

[

sin(𝜃)2𝑝−1 cos(𝜃)2𝑞−1
]

d𝜃
. (20)

The orientation angle 𝜃 in Eq. (20) ranges between 𝜃𝑚𝑖𝑛 and 𝜃𝑚𝑎𝑥, which
are the minimum and maximum CNT inclinations with respect to the
load direction, while 𝑝 ≥ 1∕2 and 𝑞 ≥ 1∕2 are parameters that determine
the shape of the PDF 𝑔(𝜃) [29].

2.2.2. CNT agglomeration effects
The previous formulation assumes well-dispersed CNTs. However,

as discussed in Section 2.1.2, CNTs tend to agglomerate in bundles with
the subsequent detrimental effect on the fracture toughness [69,70].
In order to include such effects, a new agglomeration formulation is
proposed in this work. Since no assumptions about the filler shape have
been made in Eqs. (18) and (19), agglomeration effects are incorporated
by considering equivalent fibres with cross-sections corresponding to
the sum of the sections of the CNTs forming bundles. Specifically, we
assume that the bundle cross-section is constituted of smaller CNTs of
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Fig. 4. Validation of the fracture energy formulation with and without agglomeration effects presented in Section 2.2.2, using the experimental fracture energy versus CNT mass
raction data provided by Hsieh et al. [27]. The modelling results are obtained using Eqs. (19) and (21) for the predictions without and with agglomeration effects, respectively.
Table 2
Micromechanical variables of MWCNT/epoxy composites.
Source: Taken from Refs. [31] and [68].

Name Symbol Value

Length of CNTs 𝐿𝑐𝑛𝑡 3.21 μm
Outer diameter of CNTs 𝐷𝑐𝑛𝑡 10.35 nm
CNT volume fraction 𝑓𝑐𝑛𝑡 1%
Elastic modulus of CNTs 𝐸𝑐𝑛𝑡 700 GPa
Elastic modulus of epoxy 𝐸𝑚 2.5 GPa
Poisson’s ratio of CNTs 𝜈𝑐𝑛𝑡 0.3
Poisson’s ratio of epoxy 𝜈𝑚 0.28
Interphase thickness 𝑡 31.00 nm
Elastic modulus of interphases 𝐸𝑖 2.17 GPa
Strength of CNTs 𝜎𝑐𝑛𝑡 35 GPa
Agglomeration parameter 𝜒 𝜒 0.2
Agglomeration parameter 𝜁 𝜁 0.4
Interfacial shear strength 𝜏𝑐𝑛𝑡 47 MPa
Experimental orientation limit angle 𝐴 0.083
Fracture energy of pristine epoxy 𝐺0 133 J/m2

Mean value of the PDF of the number of CNT forming agglomerates 𝑁𝜇 10
Standard deviation of the PDF of the number of CNT forming agglomerates 𝑁𝜎 0.1𝑁𝜇
Minimum number of CNTs forming agglomerates 𝑁𝑀𝑖𝑛 1
Maximum number of CNTs forming agglomerates 𝑁𝑀𝑎𝑥 50
Minimum CNT orientation angle 𝜃𝑚𝑖𝑛 0
Maximum CNT orientation angle 𝜃𝑚𝑎𝑥 𝜋∕2
𝜆
g
d
t
t
𝑁

𝐺

a
e
h
f

diameter 𝐷𝑐𝑛𝑡 packed in a bigger circle of diameter 𝐷𝑒𝑑 , as sketched
in Fig. 3(b), following the so-called ‘‘equal circles packed in circle
problem’’ [71] pattern depicted in Fig. 3(c). The perimeter of the CNT
bundle is approximated to the perimeter of the enclosing circle with
diameter 𝐷𝑒𝑑 , while the bundle cross-section area is the area of a single
CNT multiplied by the number of CNTs forming the agglomerate (𝑁).
Some example values of the equal circles packed in circle problem are
shown in Table 1, the ratio is defined as 𝑅 = 𝐷𝑒𝑑∕𝐷𝑐𝑛𝑡, while the density
is expressed as 𝜌𝐴 = (𝑁𝐴𝑐𝑛𝑡)∕𝐴𝑒𝑑 , where 𝐴𝑒𝑑 is the enclosing circle area.

The perimeter of the agglomerates is defined as 𝑃𝑎𝑔𝑔(𝑁,𝐷𝑐𝑛𝑡) =
(𝐷𝑒𝑑 ) = 𝜋(𝑅𝐷𝑐𝑛𝑡), while their area is a function of the number CNTs
orming the agglomerates 𝐴𝑎𝑔𝑔(𝑁,𝐷𝑐𝑛𝑡) = 𝑁𝐴𝑐𝑛𝑡. Now, with functions
𝑎𝑔𝑔(𝑁,𝐷𝑐𝑛𝑡) and 𝐴𝑎𝑔𝑔(𝑁,𝐴𝑐𝑛𝑡) defined from the data in Table 1 (see
ef. [71]), the fracture energy for agglomerated CNTs can be estimated
s:

𝑎𝑔𝑔
𝑃𝐹𝑁 (𝑁) =

2𝑓𝑝
𝐴𝑎𝑔𝑔(𝑁,𝐴𝑐𝑛𝑡)𝐿𝑐𝑛𝑡 ∫

𝜋∕2

𝜃=0 ∫

𝐿𝑐𝑛𝑡∕2

𝑙=0
cos(𝜃)𝑊 (𝑙, 𝜃,𝑁)𝑔(𝜃)d𝑙d𝜃,

(21)

with 𝑊 (𝑙, 𝜃,𝑁) defined as:

𝑊 (𝑙, 𝜃,𝑁) =

{

𝑙2𝜏𝑖𝑛𝑡𝑃𝑎𝑔𝑔(𝑁,𝐷𝑐𝑛𝑡) exp(𝜇𝜃)∕2 if 𝑙 < 𝐿𝑐𝜃
2

2 ( ) 𝐿𝑐𝜃
(22)
5

𝐴𝑎𝑔𝑔(𝑁,𝐴𝑐𝑛𝑡)𝜎𝑢𝑙𝑡𝐿𝑐𝑛𝑡∕ 2𝐸𝑐𝑛𝑡 if 𝑙 ≥ 2 . 𝐺
Note that, in the case of a fracture energy dominated by CNT
fracture (𝑙 ≥ 𝐿𝑐𝜃∕2), the area term 𝐴𝑎𝑔𝑔 drops out from Eq. (21) when
including Eq. (22). This is due to the circumstance that the fracture
energy attained by CNTs forming aggregates equals the work done to
fracture the CNTs in case that they were not agglomerated. I.e., in the
context of fracture, the role of agglomeration is to facilitate CNT pull-
out. In order to simulate the randomness in the filler agglomeration,
the number 𝑁 of CNTs clustered forming the aggregates is defined in
statistical terms through a Weibull PDF 𝑝(𝐷) with shape parameters

and 𝑘. Shape parameters 𝜆 and 𝑘 can be calculated numerically
iven the mean 𝑁𝜇 and the standard deviation 𝑁𝜎 of the statistical
istribution of 𝑁 . On this basis, the fracture energy contributed by
he filler aggregates can be estimated by integrating 𝐺𝑎𝑔𝑔𝑃𝐹𝑁 between
he minimum and maximum possible number of CNTs forming bundles,
𝑚𝑖𝑛 and 𝑁𝑚𝑎𝑥, and weighted by 𝑝(𝑁) as:

𝑎𝑔𝑔
𝑃𝐹 = ∫

𝑁𝑚𝑎𝑥

𝑁𝑚𝑖𝑛
𝐺𝑎𝑔𝑔𝑃𝐹𝑁𝑝(𝑁)d𝑁. (23)

Finally, in order to combine the fracture energy contributions by
gglomerated and non-agglomerated fillers, the two-parameter agglom-
ration model previously presented in Section 2.1.2 is also introduced
ere. To do so, the classical rule of mixtures is used to combine the
racture energies from Eqs. (19) and (23), leading to:

= 𝐺 + (1 − 𝜁 )𝐺 (𝑓 ) + 𝜁𝐺𝑎𝑔𝑔(𝑓 ), (24)
𝑐 0 𝑃𝐹 𝑝 𝑃𝐹 𝑝
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Fig. 5. Effective elastic modulus of MWCNT/epoxy composites as a function of the CNT aspect ratio 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 for different filler volume fractions and assuming uniformly dispersed
NTs (a). Fracture energy of MWCNT/epoxy composites as a function of the filler aspect ratio 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡, considering different CNT contents (b).
Fig. 6. Fracture energy of MWCNT/epoxy composites as a function of the filler aspect ratio 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡, considering different CNT filler contents (a), and different CNT orientation
distributions (b).
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Note that the formulation in Eq. (24) only depends on 𝜁 , which
is due to the linear relation between the volume fraction 𝑓𝑝 and the
fracture energy 𝐺𝑎𝑔𝑔𝑃𝐹𝑁 in Eq. (21).

2.2.3. Experimental verification
We proceed to validate our new formulation for incorporating ag-

glomeration effects into the fracture energy of CNT-based composites.
To achieve this, the experimental data provided by Hsieh et al. [27]
is used. Specifically, they measured the fracture energy sensitivity to
the CNT mass fraction (in wt %) using single-edge notch-bend samples
containing a sharp crack. The materials employed are an anhydride-
cured epoxy polymer and multi-walled CNTs with a length of 120 μm
and a diameter of 120 nm. Our choice of model parameters builds upon
the data provided by Hsieh et al. [27], including a CNT strength of 35
GPa, an interfacial shear strength of 47 MPa, an orientation limit angle
𝐴 = 0.083, and densities of the CNTs and the epoxy of 1.8 g/ml and 1.2
g/ml, respectively. The orientation parameters read 𝑝 = 20.5 and 𝑞 =
0.5, and the agglomeration behaviour is described by 𝜁 = 0.9, 𝑁𝑚𝑖𝑛 = 1,
𝑁𝑚𝑎𝑥 = 99, 𝑁𝜇 = 91, and 𝑁𝜎 = 2. The predictions of our model with
and without considering the effect of CNTs agglomeration are shown in
Fig. 4, together with the experimental data by Hsieh et al. [27]. It can
be shown that taking into consideration agglomeration effects is key to
capture the experimental data, and that our agglomeration-enhanced
micromechanical model delivers a good agreement with experiments.

3. A phase field fracture formulation for CNT-based composites

Consider a solid domain 𝛺 which includes a discontinuous surface
6

. To characterise a discrete crack, an auxiliary phase field variable
𝜙 is defined taking values from 𝜙 = 0 to 𝜙 = 1, which correspond
to the intact and fully broken states of the material, respectively. The
phase field provides a regularisation of the crack surface, whose size is
governed by the length scale 𝓁. Accordingly, the fracture energy of the
solid is approximated as [35,37]:

∫𝛤
𝐺𝑐d𝛤 ≈ ∫𝛺

𝐺𝑐𝛤𝓁(𝓁, 𝜙)d𝛺 = ∫𝛺
𝐺𝑐

(

1
2𝓁
𝜙2 + 𝓁

2
|∇𝜙|2

)

d𝛺, (25)

Then, the total potential energy of the solid reads,

𝛹 = ∫𝛺

(

(1 − 𝜙)2 𝜓 + 𝐺𝑐

(

1
2𝓁
𝜙2 + 𝓁

2
|∇𝜙|2

))

d𝛺, (26)

here 𝜓 is the strain energy density of the solid. Both the fracture
riving force (𝜓) and the fracture resistance (𝐺𝑐) are dependent on the
nderlying CNT distribution, as described in Section 2. The strong form
f the coupled deformation–fracture system can be readily obtained by
pplying Gauss theorem to (26), rendering:

∇ ⋅
[

(1 − 𝜙)2 𝝈
]

= 0 in 𝛺

𝑐

( 1
𝓁
𝜙 − 𝓁∇2𝜙

)

− 2(1 − 𝜙)𝜓 = 0 in 𝛺
(27)

where 𝝈 denotes the Cauchy stress tensor. The system (27) is solved
in a monolithic manner, using a quasi-Newton method [72,73]. Also, a
history field is defined to enforce damage irreversibility [74].

4. Results and discussion

The modelling capabilities of the framework presented in Sections 2

and 3 is demonstrated by simulating the fracture behaviour of epoxy
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Fig. 7. Estimation of the effective elastic modulus of MWCNT/epoxy composites as a function of the volume fraction and considering agglomeration effects: (a) Effect of the
agglomeration parameter 𝜁 for a constant value of 𝜒 = 0.2 and 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 = 310, and (b) effect of the filler aspect ratio 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 considering agglomeration parameters 𝜁 = 0.4 and
𝜒 = 0.2.
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Fig. 8. Estimation of the fracture energy of MWCNT/epoxy composites as a function
of the filler aspect ratio, considering different number 𝑁𝜇 of CNTs agglomerated in
undles.

oped with multiwalled carbon nanotubes (MWCNTs). The material
arameters, which are kept constant throughout the study, are reported
n Table 2. For better illustration, this section is divided into two
arts. Firstly, the effective properties of CNT-reinforced composites
omputed by the micromechanics method from Section 2 are discussed
n Section 4.1. Secondly, Section 4.2 reports the macroscopic crack
ropagation analysis of three representative case studies.

.1. Effective mechanical properties of CNT-reinforced composites

.1.1. Uniformly dispersed CNTs
First, we study the mechanical properties of composites doped

ith uniformly dispersed CNTs. Fig. 5a depicts the effective Young’s
odulus as a function of the filler aspect ratio 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡, for different
NT volume fractions. The Young’s modulus exhibits a slight increase
t low filler aspect ratios although it tends to converge to a stable value
or moderate to large aspect ratios (𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 ≥ 400). A high sensitivity
o the CNT volume content is observed. For instance, it is found that the
ddition of only a 0.5% volume fraction of CNTs leads to an increase
f around 20% relative to the elastic modulus of pristine epoxy.

The fracture energy exhibits a more complex behaviour. Firstly, the
ffect of filler orientation upon the fracture energy is investigated in
ig. 5b. Results are shown for selected values of the CNT distribution
ean angle direction 𝜃 . The parameters 𝑝 and 𝑞 are obtained for
7

𝜇

a fixed standard deviation 𝜃𝜎 = 0.05 𝜋2 and mean 𝜃𝜇 values ranging
between 0◦ and 90◦. In addition, the case of a perfectly random dis-
ribution is included by fixing 𝑝 = 𝑞 = 1∕2. It is observed that, for
he considered low to moderate filler contents, all the cases approx-
mately follow a linear relationship with the CNT volume fraction.
t is also noticeable that filler misalignment diminishes the fracture
nergy. Secondly, the effects of filler aspect ratio, filler content and
NT orientation distribution are quantified in Fig. 6. Fig. 6a shows
he effects of the filler aspect ratio and the filler volume content upon
he fracture energy of CNT-based composites, assuming random CNTs
rientation. All curves increase until a particular aspect ratio is reached,
𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 ≈ 370 - the critical embedment length. Before and after this
ritical length the fracture behaviour is dominated by the CNT pull-out
nd the rupture mechanisms, respectively. Fig. 6b shows the fracture
nergy as a function of the aspect ratio for different CNT mean angles
𝜇 . It can be seen that the critical aspect ratio takes a maximum value
hen the CNTs are aligned with the load.

.1.2. Inhomogeneous CNT dispersions
In this section, we assess the theoretical approach proposed for

he modelling of filler agglomeration effects upon the elastic moduli
nd fracture energy of CNT-based composites. The Young’s modulus is
hown in Fig. 7a as a function of the CNT filler volume fraction and
he agglomeration parameter 𝜁 . The filler aspect ratio is approximately
𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 = 310 (see Table 2). As expected, all curves start at 2.5
Pa, the Young’s modulus of the epoxy matrix. As the agglomeration
arameter 𝜁 increases, the curves exhibit a diminishing slope due to the
gglomeration-induced loss in the effective stiffness of the composites.
he selected agglomeration parameters range from 𝜁 = 0.2, that is close
o the case of uniformly dispersed CNTs, to 𝜁 = 0.9 where 90% of CNTs
re agglomerated forming bundles. The influence of the filler aspect
atio is shown in Fig. 7b, for different volume fractions and agglom-
ration parameters 𝜁 = 0.4 and 𝜒 = 0.2. Qualitatively, the results of
ig. 7b resemble those presented in Fig. 5a, but significant quantitative
ifferences are observed due to the effect of CNT agglomeration. The
nfluence of the filler aspect ratio on Young’s modulus is only evident
or 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑛𝑡 values between 200 and 400, after which the magnitude
f Young’s modulus tends to a constant value.

The effect of filler agglomeration upon the fracture energy of
NT/epoxy composites is investigated in Figs. 8 and 9. The mean
umber of CNTs forming bundles (𝑁𝜇) is a key factor, as shown in
ig. 8. Note that the case 𝑁𝜇 = 1 corresponds to the situation of
n homogeneous dispersion of CNTs. Increasing 𝑁𝜇 values (i.e. more
evere agglomeration) leads to substantial reductions in the effective
racture energy of composites when the filler aspect ratio falls within
he range dominated by the pull-out mechanism (⪅380). This is due
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Fig. 9. Estimation of the fracture energy as a function of the aspect ratio in a MWCNT/epoxy composite, considering: (a) different values of the agglomeration parameter 𝜁
𝑓𝑐𝑛𝑡 = 1%), and (b) different filler volume fractions (𝜁 = 0.4 and 𝜒 = 0.2).
Fig. 10. Geometry and boundary conditions of the three case studies considered: (a) a notched plate in traction, (b) a notched plate under shear, and (c) a holed plate.
Fig. 11. Finite element mesh of the three case studies considered: (a) a notched plate in traction, (b) a notched plate under shear, and (c) a holed plate.
f

o the reduction in the filler/matrix interfacial area and, as a result,
he decrease of the fracture energy contributed by fibre pull-out when
NTs form agglomerates — see Eq. (22). Nevertheless, such weakening
ffects decrease as the filler aspect ratio increases, and all curves come
loser together for aspect ratios larger than about 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑚𝑡 = 800.

This is explained by the assumption that the formulation of the critical
length 𝐿𝑐𝜃 in Eq. (16) remains valid in the case of agglomerated
CNTs. When CNTs cluster together forming bundles, the diameter of
the equivalent fibres increases and, as a result, so does the critical
length 𝐿𝑐𝜃 . Although the fracture energy contributed by CNT fracture
remains invariant and the energy by fibre pull-out decreases when
CNTs form agglomerates, the increase in the critical embedment length
8

slightly extends the number of fillers contributing through CNT pull-out p
after the critical embedment length. This fact, along with the reported
stronger contribution of CNT pull-over over CNT fracture, explains the
reduction in the detrimental effects induced by filler agglomeration
observed in Figs. 8 and 9. This approach is deemed suitable for common
CNT aspect ratios, which are typically below 𝐿𝑐𝑛𝑡∕𝐷𝑐𝑚𝑡 = 1000.

The effect of the agglomeration parameter 𝜁 on the effective frac-
ture energy of MWCNT/epoxy composites is illustrated in Fig. 9a for
different filler aspect ratios. Notable reductions in the fracture energy
of the composite are observed as the agglomeration parameter increases
from 𝜁 = 0.1 (uniform dispersion) to a highly agglomerated condition,
𝜁 = 0.9. Finally, Fig. 9b presents the fracture energy as a function of the
iller aspect ratio for different filler volume fraction and agglomeration

arameters 𝜁 = 0.4 and 𝜒 = 0.2. The comparison with the results
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Fig. 12. Load–displacement curves of the notched specimen under traction for different CNT volume fractions, considering (a) uniform, and (b) inhomogeneous filler dispersions.

Fig. 13. Phase field contours plots (𝜙) of the notched plate under traction at remote displacement values of (a) 𝑢𝑦 = 0.1168 mm and (b) 𝑢𝑦 = 0.117 mm. The results correspond to
the case of uniformly dispersed CNTs with a volume fraction of 1%.

Fig. 14. Phase field 𝜙 contour plots corresponding to a value of the applied displacement equal to (a) 𝑢𝑥 = 0.165 mm, (b) 𝑢𝑥 = 0.195 mm, (c) 𝑢𝑥 = 0.21 mm, and (d) 𝑢𝑥 = 0.283 mm.
The results correspond to the case of uniformly dispersed CNTs with a volume fraction of 1%.

Fig. 15. Load–displacement curves of the notched specimen subjected to shear loading for different CNT volume fractions, considering (a) uniform, and (b) inhomogeneous filler
dispersions.
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Fig. 16. Phase field 𝜙 contour plots in a holed plate under traction for different imposed displacements; namely (a) 𝑢𝑦 = 0.104 mm, (b) 𝑢𝑦 = 0.106 mm, (c) 𝑢𝑦 = 0.299 mm, and (d)
𝑢𝑦 = 0.320 mm. The results correspond to the case of uniformly dispersed CNTs with a volume fraction of 1%.
Fig. 17. Load–displacement curves of the holed plate under traction for different CNT volume fractions, considering (a) uniform, and (b) inhomogeneous filler dispersions.
previously shown in Fig. 6(a) for uniformly dispersed CNTs reveals
agglomeration-induced reductions in fracture energy of about 30%.

4.2. Macroscopic crack propagation predictions

We shall now demonstrate the potential of the proposed microme-
chanical phase field fracture approach for predicting the macroscopic
fracture behaviour of CNT-based composites. Three case studies are
considered: a single-edge notched plate subjected to uni-axial and shear
loading, and a holed plate under traction. The geometrical configu-
ration of these case studies is sketched in Fig. 10, and the material
parameters used in the simulations are the ones reported in Table 2.
The finite element meshes employed in each of the boundary value
problems considered are shown in Fig. 11; linear quadrilateral plane
strain elements are used.

4.2.1. Single-edge notched specimen subjected to uniaxial tension
The paradigmatic benchmark of a square plate with a notch is

addressed first. The geometry and finite element mesh are given in
Figs. 10a and 11a, respectively. The plate has an initial horizontal crack
going from the left side to the centre of the specimen. The domain is dis-
cretised using a total of 8532 elements, with the mesh refined along the
expected crack propagation region. The characteristic element length
is chosen to be 7 times smaller than the phase field length scale, to
ensure mesh objectivity [39]. Here, 𝓁 = 2.4 mm. The load versus
displacement curves obtained using homogeneous and inhomogeneous
filler dispersions are given in Figs. 12a and b, respectively. In both
cases, the force–displacement curve rises linearly until the critical load
is reached, after which the failure process becomes unstable and the
crack propagates across the plate in a sudden manner. Quantitative
differences can be observed if agglomeration effects are accounted for
— the maximum load for the plate doped with uniformly dispersed
CNTs is 2.72 kN, which is 11.5% higher than the one predicted in
10
the case of inhomogeneous CNT dispersions. Regarding the influence
of the CNT volume fraction 𝑓𝑝, a notable sensitivity is observed. The
magnitude of the critical load increases significantly with 𝑓𝑝 due to
fibre bridging toughening; e.g., the critical load can be up to 80%
higher for only a 2% volume fraction, relative to the case of the epoxy
matrix. The cracking pattern is qualitatively the same in all cases - a
representative result for the case of a uniform dispersion of CNTs with
a 1% volume fraction is shown in Fig. 13.

4.2.2. Single-edge notched specimen subjected to shear loading
The same notched plate studied in the previous section is herein

subjected to shear loading, as shown in Fig. 10b. The finite element
mesh employed, shown in Fig. 11b, uses 19,318 elements. The char-
acteristic element length is 7 times smaller than the phase field length
scale, which equals 𝓁 = 2.4 mm. Phase field contours for four stages
of crack growth are shown in Fig. 14. The load–displacement curves
considering uniform and inhomogeneous CNT dispersions are shown
in Figs. 15a and b, respectively. As in the previous case study, larger
load carrying capacities are observed for CNT composites with higher
volume fractions. In all the cases, the shear force applied to the plate
reaches a maximum peak for an applied displacement of approximately
𝑢𝑥 = 0.169 mm, when damage initiates near the crack tip. Afterwards,
a diagonal crack propagates in a stable manner through the specimen
towards the left bottom corner. Complete rupture and loss of load
carrying capacity is observed at a remote displacement between 0.265
mm and 0.28 mm, depending on the volume fraction and the filler dis-
persions. Note that CNTs agglomeration provokes noticeable reductions
in the maximum forces sustained by the plate. For instance, a reduction
of about 14.3% is found in the case of the plate doped with 2% CNT
volume fraction.
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4.2.3. Holed plate under traction loading
Finally, we investigate the fracture response of a CNT composite

holed plate with the geometry and boundary conditions shown in
Fig. 10c. In this case study, the loading is applied through displacement
controlled metal pins inserted into the two 10 mm diameter holes. The
finite element mesh, shown in Fig. 11c, contains 9301 elements. The
mesh is refined in the potential crack propagation regions to resolve
the fracture process zone. Here, the phase field length scale equals
𝓁 = 0.9 mm. The cracking process is shown in Fig. 16, in terms of the
phase field contours. Four stages are observed. First, the phase field
increases its magnitude near the crack tip (Fig. 16a). Second, Fig. 16b,
the crack propagates and deflects towards the hole. This is followed by
stage three, Fig. 16c, when a second crack nucleates in the right edge
of the hole. Finally, as shown in Fig. 16d, this second crack propagates
until reaching the edge of the specimen.

These four stages are clearly noticeable in the force versus displace-
ment response, as shown in Fig. 17a for the case of uniform filler
dispersions, and Fig. 17b for the case when aggregation effects are
accounted for. The force increases until the first crack reaches the hole,
when a sudden drop in the force versus displacement curve is observed.
The displacement must increase significantly for the second crack to
nucleate, but then its propagation is relatively fast and the plate loses
its load carrying capacity completely. The mechanical response reveals
a similar qualitative dependency on the micromechanics of the problem
to that observed in the previous case studies. Higher CNT contents lead
to higher stiffnesses and critical loads. For example, a CNT volume
fraction of 2% leads to a load bearing capacity of 6 kN, almost twice
the capacity of the plate made of pristine epoxy. Furthermore, the
consideration of agglomeration effects translate into a reduction of the
fracture resistance of the solid, with unstable fractures occurring at
noticeably lower loads.

5. Conclusions

We have presented a micromechanics- and phase field-based formu-
lation for predicting crack nucleation and growth in carbon nanotube
(CNT) composites. To achieve this, the model includes two key fea-
tures: (i) a novel mean-field theory for determining the elastic and
fracture properties of the composite, and (ii) a pioneering combination
of analytical homogenisation and a phase field fracture formulation
for CNT composites. Our homogenisation framework adopts a double-
inclusion approach to into account filler/matrix interphase effects on
the elastic properties and integrates the contribution of CNT pull-out
and fracture mechanisms in the estimation of the composite’s fracture
resistance. Moreover, we also consider agglomeration effects on the
elastic and fracture properties of CNT-based composites with a two-
parameter agglomeration model. This includes the development of
a new equivalent filler agglomeration approach for determining the
macroscopic fracture properties. The developed model accounts for the
separate contribution of isolated and clustered CNTs to the overall
fracture energy. Clustered CNTs are simulated as equivalent fillers with
cross-sections representing the agglomerated fillers, and the number of
clustered fillers is treated in stochastic terms. The integration into a
robust, monolithic phase field fracture framework enables predicting
complex cracking phenomena in CNT-based composites and quantify-
ing the role of CNTs on fracture resistance. The main findings of our
analytical and numerical experiments are:

• Filler agglomerates reduce the fracture resistance of CNT-based
composites by facilitating CNT pull-out events. Composites doped
with inhomogeneous dispersions of CNTs have lower filler/matrix
interfacial areas and, as a result, sustain smaller pull-out forces.

• Increasing the CNT filler content raises the fracture resistance of
CNT composites due to toughening through fibre pull-out and
fibre fracture mechanisms. The critical load is found to increase
11

by 80% if a 2% volume fraction of CNTs is incorporated.
• Accounting for the role of CNT fibre agglomeration is essential
to quantitatively reproduce the toughness sensitivity to the CNT
mass fraction reported in the experiments.

• The filler aspect ratio determines the dominant toughening mech-
anism. As a result, the fracture energy of the composite increases
with filler aspect ratio until approaching the embedment length.

• While quantitative differences in terms of stiffness and fracture
resistance are observed, crack trajectories and force versus dis-
placement responses are found to be in good qualitative agree-
ment.

The framework developed offers a pathway for designing fracture
resistant CNT composite components undergoing cracking phenomena
of arbitrary complexity.
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