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Abstract

In this dissertation, the basic features of Quantum Chromodynamics as the non-abelian gauge theory for
strong interaction are presented before exploring how one can probe the structure of the nucleons using
leptons-nuclons scattering. The important concept of partons as point-like constituents of hadrons, will
be introduced along with the notion of form factors and parton distribution functions. Predictions form

pertrbative QCD will be compared to experiment data of the last fifty years.
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Chapter 1

Introduction

1.1 Introduction

At the end of the 1960s, experiments at Stanford Linear Accelerator Center (SLAC) have shown that at the
high energy limit, the cross-section of deep inelastic scattering (DIS) on a lepton on a nucleons has the same
form as the differential cross-section for ey~ — e~ p~, meaning that the proton appears as a point-like
particle. Moreover, the structure functions of nucleons, that encode their inner structure seems to satisfy
a scaling law. In the same moment, Feynman [16] and Bjorken [8] develop the parton model, model where
the nucleons are composed of point-like particles, the partons. This gives an intuitive explanation of SLAC
experimental results. At the time, the specific nature of these particles was unknown. Experimental data
suggested that the charged partons have spin 1/2 and the measure of the momentum carried by them leads
to a postulate on the possible existence of neutral partons, which would carry the unobserved fraction of
momentum.

A few years later, the theory of Quantum Chromodynmaics (QCD) was developed by Gell-Mann, Fritzsch
and Leutwyler. They were inspired by the discovery that non-Abelian gauge theories can have the property
of asymptotic freedom, which leads in QCD to confinement. Within this gauge theory of strong interaction,
quarks have a new quantum number called colour. The charged partons were then going to be identified as
quark and anti quark while the neutral ones as gluons.

Many questions on this theory and also on the structure of hadrons, still remain and a lot has yet to be
discovered. I will focus on the determination of the structure of nucleon in this thesis. Form factors (FFs)
and parton distribution functions (PDFs) are two ways to gain information on their structure. The latter
is the distribution of longitudinal momentum of partons while the former are distribution of charge.

After introducing the basis of QCD and its quantisation, the aim of this thesis is to give an understanding

of form factors and parton distribution functions through the examination of lepton-nucleon scattering.

Before discussing further on these, I will first list some properties and results that would be of use in

further chapters.



1.2 The S-Matrix

First of all, when analysing any physical processes, the optical theorem and Cutkosky rules facilitate the

computation of cross-section and of the scattering amplitude of the associated Feynman diagrams.

1.2.1 Optical theorem

One of the property of the S-matrix is to be unitary. This comes from the conservation of probability: the
probability that an in-state scatters into an out state and then summing over all possible out-states should

give one. This leads to the optical theorem.

57§ =85 =1

(1 —iTH (1 +iT) =1

(TT)fn Ty = —i (T - TT)ﬁ

S M p M (259 (P — Pr) = —i( My — M),
If i = f has an elastic scattering, then:
> M2 (2m) (P, — P) = 2Im(My;). (1.1)

The total cross-section for the process ¢ — X is related to the forward elastic scattering amplitude through

the expression:

1
Otot — — —7——7— Im<Mu(svt = 0))a (12)
2 )\(s,m%,m%)
with /\(s,m%,m%) = [s— (mq +m2)2] [s— (mq —mg)Q], m1 and mg are the masses of the two initial
particles.

In the case of massless particles or if the masses are neglected, then: A(s,0,0) = s2.

1.2.2 Cutkosky rules

These rules allow us to easily calculate the imaginary part of the scattering amplitude for a G diagram,

which is related to the discontinuity of the Feynman amplitude in the s-channel through the relation:
Im(T;s) = AT = Q%_DiscTif = lim [T;¢(s +ie) — Ty (s —ie)] . (1.3)
The definition of the discontinuity comes from the fact that the S-matrix is an analytic function [I8].
Schematically, the rules can be represented by figure

The steps to calculate the discontinuity or imaginary part of a diagram are the following:

1. Cut the internal lines of the diagram in all the possible ways that the internal particles can be put in

shell.



cut

Figure 1.1: Cutkosky rules

2. For each cut, the propagators 1/ (p2 —m? +i6) is replaced by —277@'(5(])2 — mz). This replacement
comes from the residue theorem that states that Disc (1/ (k* £ i€)) = F2mid(k?). The numerators of

the cut propagators are not changed. We then do a product of all the cuts.

3. For the left part 1, the usual Feynman rules apply for the internal lines and vertices. For the right

part G2, the rules are conjugated. Therefore, the Feynman prescription for G is with —ie.
4. We integrate over all possible loops even the one which are cut.

5. A final sum over all the possible ways of cutting is then realised.

In the case of a scalar field, for a given cut n, the following steps would give

1

ATipq) = §En(G1)T;f(G2) H (2m)6 (k?) Y (ka *mjz)
kje€cutn
& I ; I ; T
Ly V2/ , -t (27)0 (K0) 6 (k2 —m?2) ,
H (2m)4 et k?l — m?l + ge 11_[ k:2 ml2 — e Il-g-i-l J J J

(1.4)
with I, I, Is the number of internal lines for G, G1 and Ga, V7 and V5 the number of vertices in the left
and right part and L the total number of loops. Here, the Heaviside function imposes k:? > 0, ensuring that

cuts are in the physical region of the scattering amplitude.

1.3 Results from QED processes

In this section, we briefly analyse two quantum electrodynamics (QED) processes, which results will be

uselful when studying QCD processes at quark level.



+

Figure 1.2: Annihilation ete™ — pp™

1.4 ete” — utpu~ results

The amplitude of the Feynman diagram [T.4] is

iM = (5(p2)(—ier?)ulp1)) % (a(k1)(—ier”)v(ka)) (1.5)

For the unpolarized process, we sum over the spin of the outgoing particles and average over the incoming

incoming?. This leads to the definition of the leptonic tensors.

1 4
320 M = S Tr{ (g + me)y (= me)sH Te{ (e = ) (b -+ )} (16)
spins
et op
- qﬁé(e)é(u)ap (1.7)

Using the Gamma matrix trace properties, the leptonic tensors read:

g 1 g (oa a lo}
() = 5 T{(Bh +me)y” (o — me)7*} = 2[5 + Pip§ — 97 (p1.p2 + me)] (1.8)
1
Uyop = 3 Te{ (1) (M + mpu)vp} = 2 [krokzp + k1pkos — gpo (k1.k2 + mi)] (1.9)

The equation (1.7]) becomes then

1 8e?
1 Z |./\/l|2 = S% [(p1.k1)(p2.k2) + (p1.k2)(p2.k1) + mi(pypz) + mz(kq./{:g) + ngmi] (1.10)

spin

We neglect now the mass of the electron and the positron compared to all other quantities and note by

E their energy and 6 the scattering angle.

In the center of mass frame, (1.10) becomes:

1 IME =t

spins

m2 m2
1+E—g‘+ (1—E‘2‘> cosQQ] (1.11)

As a reminder, the differential cross section for the unpolarized process 1+ 2 — 3 + 4 in the center of

mass frame reads:

a0~ 55071 2 M (112)

spins

With p; and py the momentum of the incoming and outgoing particles respectively.

10



Using (|1.12)), the differential cross-section reads :

do a? m?2 m? m;,
0= i 1—E—’2‘ 1+E—’2‘—|— I—E—g cos?(6) (1.13)

with 6 is the scattering angle.

Integrating (1.12) over dQ) = d¢d cos(8) gives finally the total cross section:

Ama m? 1m?
-t - = 1 i
owt(e e —wuTpt) = a5 ~ 5 1+§E2 (1.14)
In the high energy limit, i.e. £ >> m,, this becomes
4o’
_ 1.15
7= (1.15)

1.4.1 e~ — e"u~ scattering

Figure 1.3: Diffusion e"u~ — e~ pu~

The amplitude of e~ u~scattering, represented by can be obtained by crossing symmetry to the

ete™ — ptu~ process, with the change of variables:
pr=p p2=-p, ki=Fk and ky= -k, (1.16)

one obtains, from (|1.6)),

4
i Z IMP* = ?% Tr [(—p" —me) 7 (p + me) 7] %Tr [(F +mpu) v (—F —mpu) o]
spis (1.17)
64
= ST L0k () + (o) (1) =i ) = 2 (k- 1)+ 22

The expression (|1.17)) can be simplified when going to the laboratory frame:

p: (Evﬁ)7 p/: (Elvﬁ)a k: (mua0)7 (118)
giving then:
1 2 1664 2 ’ ) 0 Q2 .92 0
481[;18 IM|? = o my, EE" |cos 3 + 22 sin” 5| - (1.19)

In the laboratory frame, the differential cross-section has the general expression ,

dQ ~ m2E? 6472 M| (1.20)

11



From (1.20)), the differential cross-section in the laboratory frame reads:

d 2 r 0 2 0
£ (e"p™ —ep )= ai.— cos® = + @ sin? —| . (1.21)

1.5 Outline

In Chapter [2| T will first go through some basics on QCD before talking about the important property of
asymptotic freedom. As the distance between quarks increases, so is the strong coupling constant. In reverse,
at high energies or short distances, quarks behave as free particle. This leads, in QCD, to confinement,
meaning that only colorless states are observable. Chapter [3]is split into three sections. In the first one, I
will give some generalities on lepton-nucleon scattering. I will then study the case of elastic scattering, that
allows measures of form factors. The last section is an examination of deep inelastic scattering within the

parton model, giving access to parton distribution functions.

12



Chapter 2

The basics of Quantum

Chronodynamics

The conventions are those of Peskin-Schroeder [33].

2.1 QCD Lagrangian

Quantum chromodynamics is a local gauge theory, based on the color group SU(3). and involve quark fields

¥ and eight massless spin-1 gluons vector bosons Afj,a =1,...,8.

Omitting spinor indices on the quark fields and noting by and 4, j the color indices, the classical QCD

Lagrangian takes the form:

1 - .
L = —5 Tr(Fm,an'Va) + Z d)l(lm — m)ij¢j
colors

where

(2.1)

(D#)ij = 6ij8u - igAZt?j

Fu = ~[Dy, D] = 0,4, — 0,A, + ;[AH, A, (2.2)

Q| =

t® are called the generators of SU(3). such that U = ¢**®" € SU(3). They are hermitian traceless
matrices in order to satisfy UTU = 1 and det(U) = 1. They also respect the Lie algebra [t 7] = ifabete,
where f®¢ are the structure constants. In the fundamental representation, those generators also respect

the orthonormality condition : Tr(t%") = %5‘“’.

From the Lie algebra, we have for the component of the field strength
Ff, = 0,A% — 0, A% + gf*cAb AC

Finally, the gauge fields are in the Lie algebra and transform as :

A, > UAU — g(aMU)U—1 = UAU ' + ;(@U_l)U

13



The infinitesimal form of the transformation

a 1 a
SAY = E(D#) bab

with the covariant derivative in the adjoint representation of SU(3).

2.2  Quantisation of QCD

2.2.1 Fadeev-Papoov approch to quantisation

The quantisation of the QCD Lagrangian will use the path integral approach instead of the old-fashioned
method of canonical quantisation (see appendix . The difficulty in quantising the QCD Lagrangian does
not come from the fermionic part but from the Yang-Mills part of the Lagrangian. This is because, compared
to the case of QED, the gluons are self-interacting, a consequence of the fact that the Lie group is not abelian.

Let’s then focus on the quantisation of Ly py = — 3T (Fjq F*?).

Naively, the sourceless generating function would be defined as :

Z[0] = /DAH exp <i/d4xi(Fl‘fy)2) (2.3)

where /DA# = gg/dAZ(x)

However, this definition is not compatible with the gauge invariance requirement. If we have AZ =

B + %Duﬁa such that Bf = 0 and by gauge invariance of £, (F),, independent of ), this leads to:

) 1
Z[0] = /DA#/DO exp (z/d4ac 4(F;fl,)2>
) 1
= /DAN exp (z/d4m 4(Fﬁ,/)2> /DG
f DO corresponds to the volume of the gauge orbit and is an infinite constant that cannot be cancelled
in any way. Therefore, (2.3)) cannot work as the definition of the generating function.
The correct definition of the sourceless generating function should be :

Z[0]

Znew [0} = m

(2.4)

The path integral expression of this sourceless generating function is found using the Fadeev-Papov de

Witt approach.

The first step of this approach is to fix the gauge : F“(AZ#) =0= G“Afﬁ = GH(Af, + Du0). The
solution to Fa(Azu) = 0 is noted 6*.

14



Different choices of gauge exist depending on the choice of G;:

Oy Lorenz gauge
Gu=<% (0,V) Coulomb gauge
o axial gauge. The usual choice of unit vector is n, = (0,0,0, 1)

a( A0
The next step is to insert [ D@ 6(8 —0*) = 1 = [ D@ ‘det (W)' §(F*(A%)) in the old

expression of the generating function.

Thus, (2.3)) is rewritten as :
/ DA, / Do

Using the fact that the only elements that depend on 6 are the Az in the delta function and Jacobian,

a( A0
det <6F(Sé;4( () ))>‘ 5(Fa<Az))eXP (i/d4xi(Fﬁy)2> (2.5)

one can make the change of notation AZ — A,,. As a result, the integrand is completely independent of 6.
Moreover, the functional integral of A, is not modified by this change. Hence, the functional integral f Do

can be factorized.

Thus, has the expression :
0] = /DAM det (W)‘ d(F*(Ay))exp (i/d4xi(Fﬁ,,)2> (2.6)

36°(y)
The last step of the process is to express the delta function and Jacobian in terms of new fields.

For the delta function, analog to the Fourier transformation form, we can write:

S(F“(AL) / DB® exp (id*z B“F*(A, / DB® eXp( / dtz B“G“A“) (2.7)

The Jacobian is expressed with a Grassmann integration :

det <5F29b )‘ /Dc/Dc exp </ dzdiy 2 (y )5F2§b(”()m))c (y)) (2.8)

a( A0
At the end, inserting expressions (2.7) and (2.8]) in (2.6) and the quark fields and using %(ng)) =

§(x — y)GuD”“b:
/DA /DB/DC/DC/Dw/Dz/J exp{ / (LBRST+LF)} (2.9)

with Lppst = $(F%,)2 + B*GHA% + &G (D" e)® and Lp = % (il) — m)y

2.2.2 BRST symmetry

The introduction of the ghost fields makes the BRST Lagrangian not gauge invariant anymore. However, a

new symmetry appears which is the BRST symmetry :

0c* = —eB®

0A), = eDyc”

bt = —e§ fabechee
0B= 0

oy = eigc®t®y

15



with € a Grassmann variable. It is conventional to work with dp defined as § = €dp.
This symmetry has an important property which is that it is nilpotent ie 6%, = 0 With this property, we
can add any term of the form dgG in the BRST action without changing the physics. The common choice

is to choose G = 7%563 which gives dgG = 7%53“2.

After addition to this new term, we can then perform the B path integral equation:
1 G AP)?
/DB exp (i/d4a: §§Ba2 + BaGMA“a) = Nexp <—i/d4x (“25))
with A/ renormalisation constant. This leads to a gauge fixing term in the new form of BRST Lagrangian

that will be used from now on: Lgrst = Ly + Lgr + Lrpp , with

Lyy = —1Fg,Fre
Lop= —3(Guam)?
LpP = &G, (D¥c)"

We have two possible expressions for the gauge fixing term. The first one is the covariant form Lgp =
—2—1£(<9MA‘“’)2 and the second one is the axial gauge fixing term Lgp = —%(nMA““)Q. In the latter case,
if n;, is chosen such that n,A* = 0 then there is no interaction between the ghost fields and the gauge
fields i.e. the ghost fields do not couple to any physical degree of freedom. Hence, the ghost fields could be

ignored.

2.2.3 Ghost fields and unitarity of the S-matrix

However, in the case of covariant gauge, the presence of ghost fields is crucial to preserve the unitarity
of the S-matrix. This statement can be made explicit using the optical theorem for fermion-anti fermion

annihilation as shown in more details in [33].

T~
rr
rr
~cco-

p 2 e == % p4
/ v g ” \

Figure 2.1: Quark anti-quark annihilation diagram and Cutkosky rules

Let’s define new polarisation vectors for the gauge fields : €'

(k) for i € 1,2 are the two transverse po-

larisation vectors i.e. e.k = 0. For the other two unphysical polarization, we define the forward polarisation

vector € (k) = ﬁku and the backward polarisation vector ¢, (k) = ﬁku = ﬁ;' (k%, —k). The metric

could then be expressed in terms of these polarisation vectors : g, = €, 6/ + €/ 6, — e, el,,.
From the Cutkosky rules, the diagram gives a contribution of
1 2 2 2\ (s A MV "po
547‘— 5(k1)5(k2)(2M gpuguaM )7 (2.10)

where MM is the scattering amplitude for ¢§ — gg and M'P7 s the scattering amplitude for the reverse

process. k1 and kg are momentum on the gluons internal lines.

16



Figure 2.2: Ghost contribution in quark -anti quark annihilation

Almost all combination of polarization vectors e,(k1)e},(k1)e; (k2)es(k2) , when contracted with the
scattering amplitudes M M'P? gives 0, by computation. For example,

2

M (k) e (ki) = - 0(p2)t (1) RS (ko)

1
V2|ki|

and so with €% (k2) a transverse polarization vector, the contribution is therefore null. The only two com-
binations that give a non-vanishing value when contracting with the scattering amplitude are e;e;*ej‘*e;
and the one composed of only transverse polarization. The second combination does not cause any issue for
the optical theorem as they are physical polarization. On the contrary, the first one is unphysical. When

using the optical theorem, this would mean that one can have final gluons as final states with unphysical

polarizations, which should be impossible.

Using the Dirac equation for the spinor constants, the unphysical contribution is equal to :

4
‘%2(D(pz)wt%(m)f“bckﬁ‘)(ﬂ(ps)vpde(m)f“bd(—ké’)) (2.11)

The ghost loop contribution corresponding to the diagram compensate exactly (2.11]).

Thus, through this simple example of fermion-anti-fermion annihilation, one can see that the presence of
ghost fields, which only appear in internal loop in Feynman diagrams is indispensable to preserve unitarity

of the S-matrix.

2.2.4 Feynman rules

The different propagators necessary in the study of QCD are first listed below. We note a, b, i, j the SU(3)

indices, with i,j for the fundamental representation and a,b for the adjoint representation.

The fermionic propagator is:

» i Sos = i(p+m) 5
J»—i (p—m) 7 p2—m?+ic

with the e Feynman prescription (2.12)

In the case of the covariant gauge, we have the gauge-field and the ghost-field propagators to take into
account.

For the gauge fields, we have :

- D (5) = Sy — (g — (1 — &) 2222 (213)
a 9.~ b v b p2 4 e v p2

The Landau gauge corresponds to £ = 0 and the Feynman gauge corresponds to & = 1. It is only in the
former gauge that p, D*(p) = 0.

For the ghost fields, we have :
—1
b a i (2.14)

17



For the axial gauge where we can neglect the ghost fields, we have:

—1 NPy + Puny EPQ + n? b
D® — - £ ’ 0¢ 2.15
2% p2 + iE g,ul/ n-p + (TL . p)2 p,u.pl/ ( )
It is easy to see that
puD"(p) =0 for p*=0 (2.16)

One special example of non-covariant gauge (also called "physical gauge") is the light-cone gauge where

n? =0 and £ = 0. In this particular gauge, the free gluon propagator is :

ab —1 ntp¥ + ptn?

= §ab 2.17
e p2 e uuw n-p ( )

This propagator respects both (2.16) and n, D" (p) = 0, meaning that we have only the transverse

polarization as physical polarization.

Using the fact that the decomposition of the metric in the basis {p,, 7y, €} is as follows:

1 p?
G = g/ny + @(punu + puny) — Wnunu

where gil, = - 21‘2:1 efuei,,, (2.17) can be rewritten as:

i n o MuMy
= g ke ] 21

The different vertices that appear in Feynman diagrams are :

a, p ig7“t%
J
a, |
(}i E (]i _gfabcpu
C rereereeralaciiiiinn, b
a, vy
k1¢ Vivav3 abe [ V1V v3 vou 51 1Z8% )
kZ/ \k3 Vo2 (ki ko, k3) = gf ¢ [g"172 (k1 — ko)™ 4 923 (ko — k3)™ + g""3 (k3 — k1)™?]
b, v 63
a, Vi

71'92 [fabeJccde (gu1 1/391/21/4 o gV1 V4gV2V3) +facefbde (gul Vggu31/4 o gl/1 I/4gI/2V3)

d7 V4 b7 v de rb
_|_fa ef ce <gV1V29V3V4 _ gV1V39V2V4)]

G V3

These vertices are found by calculating the corresponding vacuum expectation value of the operators at

tree levels, e.g. the three-point function <Q|fA,‘Z1 (2) A, (y) AS, (2)]Q) for the three-gluon vertex.
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2.3 Asymptotic freedom

The discovery and experimental proof with SLAC of the approximate Bjorken scaling, that will be studied
in the next chapter, has stressed the importance for theoretical physicist to find an explanation for this
phenomenon, resulting in the discovery of asymptotic freedom for non-abelian gauge theories, by Gross and
Wilezek [19] and Politzer [34]. They also proved that an asymptotically-free renormalizable theory is only
possible with non-Abelian gauge fields. This discovery was key in the development of QCD.

Using renormalisation group theory, they computed the [-function in Yang-Mills theory, including

fermions and found its expression, at first order.

The gauge field contribution to the S-function reads:

_ g3 11
By = _(47r)2§CA (2.19)

with C4 the quadratic Casimir operator in the adjoint representation. The minus sign means that as
the energy increases, the strong coupling constant decreases. Therefore, (2.19) is the proof of asymptotic

freedom.
An explicit calculation to find By using the background field method is presented in the appendix [C}

The fermion contribution to the beta-function is

g 4
Br = WgTRnR (2-20)

where Tr(T°T b) = TRO4 and ng is the number of flavour of fermions in the representation R.

In the special case of SU(3), the S-function is therefore

3 2 3
(11— J

g
z =__7 .}
37F) =~ E?

p=- (4m)2

(2.21)

where ngp = ng. (2.21) implies that the theory is asymptotically free if the number of flavour of fermions

is sufficiently small np < 16.

2
(2.21) leads to the expression below of the strong coupling constant ag = ¥~

T

47
as (12) - (2.22)
Abep

B bo log

where p2 the energy scale.
Currently, the S-functions are known to five-loop order [3].

An explanation of asymptotic freedom can be given when one talks about screening and anti-screening
caused by gluons and pairs of quark-anti quark. In the QCD vacuum, the gauge bosons are present as gluons
can self-interact, making the vacuum into a paramagnetic medium ie g > 1. Moreover, in quantum field
theory, the dielectric constant and magnetic permeability are related by pe = 1. Hence, ¢ < 1, resulting
in anti-screening by gluons. On the opposite, the quark-anti quark pair, just like for electron-positron pair
in Quantum Electrodynamics, are screening the color charge. As long as the anti-screening from gluons
overshadows the screening from quark-anti quark, the color charge therefore increases with the distance

from it and QCD is an asymptotically -free theory [29].
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2.4 e"e” — Hadrons process

At high energy, the total cross-section process e™e™ — Hadron is calculated using the total cross-section

+

of the process eTe™ — ¢q.

Moreover, the cross-section of eTe™ — ¢ is related to the one for the process e +e~ — pTu~ through

the R-ratio defined as:

Utot (€+6_ _> qQ) (2 23)

R =
Tior (eTe™ = ptp~)

At Born level i.e. tree-level in quantum field theory,

RO = NCZ e? = 326%, (2.24)
) /

where the sum is over the quark flavour and ey is the electric charge of the quark of flavour f.

Hence, considering the three-quarks up, down and strange only, the R-ratio is

W =a|(3) + (3) '+ (5)] -

If one includes the charm quarks, this then becomes
2 2 2 2
o T2V (Y () (2] 2
a2+ () () ()] -2

2.4.1 Leading radiative corrections to the total cross section

— pl — —
e ky . 4 e k1 q e q
Y k, N P3
N
e ' 7
et k2 pz* q et k2 q et q

Figure 2.3: Corrections of order ag to the proccess e”e™ — hadrons

The first-order correction comes from the exchange of soft gluons and the emission of collinear gluons

represented in Figure |2.3

For the following scattering amplitude, we use the covariant gauge and Feynman gauge. The first diagram

corresponds to the scattering amplitude

M = (e (00 )rPu()) 22 [ S g o LD gty )
(2.25)
The sum of the contributions of the last two diagrams gives the scattering amplitude
iM = ey (ie)(ia) (0 (b)) )l |10 P Pttt (226)
One finds that they give a correction to the total cross-section of the form
ole et = qq,q39) = ooR© (1 + O;Ti + O(Oé%')) (2.27)

20



where og is given by (|1.15)). The expression above can be improved if one replaces ag, defined at a specific
renormalisation point, by ag(1/(s)) defined by ([2:22).

In the total cross-section, the infrared divergences of the form agln (%) and agIn? (é) with p
the "mass of the gluon" (i.e. an explicit regulator), that are present for the exchange and emission of
gluons individually, disappear when summing all contributions. This is a consequence of the Kinoshita-
Nauenberg-Lee (KNL) theorem which says that the Standard model is infrared finite and that the infrared
divergences from final states are cancelled when summing over all the degenerancy. The cancellation of
infrared divergence can also be understood when considering the time scales. Indeed, the tree-level process

e"eT — qq takes T = % with s = ¢2. The life time of the virtual final states represented in figure have

a life time of T' = ﬁ, with py| << /s the transverse momentum of the collinear gluons with respect to
g

the ¢ system. As 7 << T, these final virtual states and infra-red divergences do not affect the perturbative

part of the cross-section of eTe™ — hadrons, meaning the subprocess e~e™ — ¢g, but can only affect the

types of hadrons after hadronisation.

2.4.2 Jets production

The process e et

— qq leads to 2-jets events by hadronisation. The quarks and anti quarks produced with
limited transverse momentum and opposite momenta in the center-of-mass frame, are bound by the strong
force, producing then quark-anti quark pairs. They will also absorb and emit gluons. This goes on until

everything becomes hadrons. The 2-jets formed are in the direction of the initial quark and anti-quark.

The e~e™ collider SPEAR at SLAC provided the first experimental evidences of 2-jet events. Comparing
the experimental results with Monte-Carlo simulations, the distribution of hadrons was found to be in good

agreement with the jet model rather than an isotropic distribution [23].

One should expect the angular distribution for e"e™ — ¢¢ to have the same form (1.13)) as for the

production of p pair:
do (ete™ — qq)

1 2 2.2
Toos 0 o 1+ cos” 6 (2.28)

For the process e”e™

— qqg, the number of jets depends on the transverse momentum p, | of the gluons.
If the transverse momentum is small i.e. the gluon emitted is collinear, then it will have no effect and we
expect two jets back-to-back after hadronisation. However, if p,1 > 1GeV, we expect 3-jet events and its

cross-section in QCD perturbation theory reads :

do
dl’l d:L'Q

) 2043(ng_) -73% +l'%
3m (1—x1) (1—1’2)

(e+e_ — chg) =09 - 32@? (2.29)
!

with x; for ¢ = 1, 2, 3 the ratio of the center-of-mass energy of the quark, anti quark and gluon to the electron-
positron beam energy, z; = (2k; - q)/q2 with k; the momentum of the final ¢ particle and g = ki + ko + k3.
They satisfy 0 < z; < 1 and ), x; = 2.

Another way to examine jet-events is to work directly with them instead of talking about quark, anti

quark and gluons as Sterman and Weinberg have done [41].
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Chapter 3

The structure of the nucleons with

lepton-nucleon scattering

The discussion that follows on the study of the structure of nucleons by the electron-nucleons mainly proton

process is based on the notes by M. Samuel Wallon [37].

3.1 Generalities

As said in the introduction, one important problem yet to be solved in the study of hadrons is the char-
acterization of their structure, in particular the structure of nucleons. The diffusion of a lepton (here, an
electron but it could also be a muon) on a nucleon (here, a proton) is the historic process that helped the
development of one key ingredients for their characterization, the form factors. It also led to the parton
model and to the parton distribution functions. This electron-proton scattering process will be the focus of
this chapter. After some general information on this diffusion, the next section will be about form factor in

the elastic regime of this process.The last section will be dedicated to the inelastic case.
3.1.1 Kinematics

et
CI$ ~*

X(pn)
N(p) - @é P

Figure 3.1: Electron-proton scattering

The lepton mass is neglected for this scattering. We note M the mass of the proton.
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The invariant variables used to study the scattering as depicted in [3.I] are

¢ =(k-K)=-@Q (3.1)
v="11 (3.2)
IBJ_QQp_Qq’ 0<zp; <1 (3.3)
W2 =pl=(p+q)?=-Q*+2Mv+ M > M* (3.4)
y:%,owsl (3.5)
S = (k+p)? (3.6)

where W2 is the center-of-mass energy of the +* (or Z 0)—nucleons and zp; is the Bjorken variable.

Various relationships exist between those variables

Q? = 2Mvxp, (3.7)
WQ:M2+Q2(L—1) (3.8)
sz
2
s— 9 a2 (3.9)
rB;Y

Those variables are better understood in the proton rest frame, which kinematics is:

pu = (M,0,0,0), k, = (E,E), K, = (E’, 15/) (3.10)

We then have v = E — E, that is to say that v is the loss of energy for the lepton. Moreover, in this frame,

we can see easily that the exchanged photon or boson is either space-like or light-like as

0
¢ = (k=F)" = —2k-¥ = AEE'sin’ 5 = 2M Erpyy <0 (3.11)

We also observe that y = £ = E_TEI which corresponds to the fraction of energy lost by the incoming

electron.

3.1.2 The different regimes of study

Different regimes of interest characterised by the three variables = z;, W2 and Q? allow us to extract different
properties and information on the structure of the proton. The first regime is the Mott regime where Q2 ~ 0.

In this case, £ ~ E’ and the proton is considered as point-like.

The second regime of study is the quasi-elastic one characterized by Q?(1 — x Bj) << M 2 or equivalently
by W2 ~ M? from the relation (3.8). If the condition is respected, then X (p,) = N(p') meaning that the
final product is the incoming proton in an excited state. The quasi-elastic scattering can be divided into
two sub-regions. If Q% ~ M2, we study form factors that give global information on the proton and more
specifically give access to charge distribution radius. If Q> >> M? and z Bj near 1, we are in the deep

elastic region and one can predict the asymptotic behaviour of the form factors.

In general, if Q> >> M?, the scattering is said to be deep and we can access information on the internal

structure of the nucleon and its constituents. When Q? >> A%QCD too, perturbative QCD can then be
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used to predict scattering results and properties. The Deep Inelastic region corresponds to W?2 >> M?,
Q? >> M? and zp; not near 1. Finally, if W2 >> Q? >> M?, it is the perturbative Regge limit or

small-z g; regime.

Before examining the scattering in these various regimes, I will first derive the general expression of the

differential cross-section.

3.1.3 Cross-section and hadronic tensor
Cross-section

We suppose Q? small enough w.r.t M%O in order to consider that the particle exchanged in the t-channel is

a photon.

The scattering amplitude for the process is

m"_‘

M, = *a (K, N) v u(k, )\) {(n|J™(0)| p, o) (3.12)

with Ji™ the hadronic part of the electromagnetic current and A, ), o the spin of the incoming and

outgoing electron and the proton.

The unpolarized differential cross-section has the expression

n

1 dBW 11 P 1
2M2E (27)32Kk L4 (2m)32ki0 4

do, =

S IM? @2m) st (p+k— K —pa), (3.13)
29 Y

where p, = >, ki and M is given by (3.12).

If measures are taken only on the scattered lepton then the process is inclusive. To have the corresponding

differential cross-section, one needs to integrate over the final hadronic system. Then, we have

4 31./

e* 1 d°k (e)
do="— S _opwmy 3.14
7T F2E (2m)B2k, T (3.14)

KE:ZV) is the leptonic tensor given by (|1.8) and W, is the hadronic tensor
Wia = M Z Z / H QW 3% sa [J ) (n | IS p, o) (2m)%6 (pn —p — q) (3.15)

Finally, this leads to the simplified expression of the differential cross-section.

d?c o’ E' (e)
- - = WHv
d?QdE"  ¢* E b W (8.16)

The structure of the hadronic tensor

The most general form for this symmetric tensor, in terms of ¢g*”, g and p, is

Wo taV 4 ghp?
Wa i+ 4 p'q" +q"p

WH = —Wgh" + M2 p M2 W + M2

Wy. (3.17)
There is no term with €., by parity conservation.
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As for KLGV), W should respect current conservation g, W*¥. This leads to

M2 . 2 .
Wy = Wi + (qu) We and Wi = -ZAwy (3.18)
q q q
Therefore, the hadronic tensor has the expression
q"q” W P-q P-q
WH (p,q) = W1 (9’“’ - qg) 2 (P“ - qzqﬂ) (pl’ - ngy) (3.19)

W1 and Ws are the nucleon structure function.

The hadronic and leptonic tensors can be decomposed into terms in a basis of projectors orthogonal to

q, and p,,, facilitating the computation of their contraction.

We define the transverse projector

ey
v =g - T (3.20)
q
and longitudinal projector
Lo = 44" 3.21
= (3.21)
q
such that T*q, = 0, L*q, = ¢" and g"¥ = TH" 4 LM,
The transverse projector can be further decomposed into
™ = P + g!", (3.22)

gﬁ‘_y projects to the subspace orthogonal to p, and g, while Pg” projects into the remaining subspace.
One can express the two previous projectors in terms of photon polarisation vectors:

P =eley (3.23)
g =- Z eDneli)v (3.24)

i=1,2
where e% is the longitudinal polarization vector and has the expression ,

1

e = — 3.25
N o (3.25)
and e(i)“,i = 1,2 are the transverse polarization vectors. They have the following properties:
e(l)* ' ej = _5”7 Ei C€L = 07 6% = +1
In terms of projector, ((3.19)) becomes
v v (p ) q>2 N2
or
L2
W (p,q) = —Wigh" + {Wl " <1 B (f\}zqq)a ) W?} P (3.27)

To calculate the differential cross-section, one needs to calculate the contraction of the leptonic tensor
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with the projectors.

() puv _ yle)  P'P”
drp =) P,

q2

+ (terms o q“ﬂ;(fl,) =0)

2 < / ¢ 2
=2 (30 )+ T
(i 2

lab AEF' cos? g

.a)2
R

and

1 1
ie'uz/THV - i‘g'u,y (glw - LNV)

2

b _yEE sin? g

Hence, in the laboratory frame,

0 0
dwn = ARE [2W1 sin? 2 + Wy cos” 2] (3.28)
This results in
dOdE ~ 4E?sin' 0 [2W1 sin” 5 + W cos 2] (3.29)

In the last section, we will see that the measure of structure functions are a way to access to the measure
of parton distribution functions. They also have some interesting properties in the context of naive parton
model. But before getting into the model in details, I will first examine the quasi-elastic regime and the

properties of form factors.

3.2 Elastic scattering

3.2.1 Hadronic current and form factors

When an electron scatters to an arbitrary charge distribution instead of a point like particle, the cross
section of the process can be found by weighing the cross-section of a point-like particle with the amplitude

of a form factor
do ( d") ()P (3.30)
dQ) dQ point

The form factor accounts for the inner structure, i.e. the fact that the particle is not point-like.

Moreover, if the photon exchanged is static i.e. ¢" = 0, it can be shown that

Flq) = / PBap(x)eia. (3.31)
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Expanding around |g] small and assuming spherical symmetry, then

F(q) = /d3xp(f) <1 +iq- 7 - (6'25)2 +0 (CIB))

) (3.32)
From (3.32)), one can see that the form factor gives access to the mean square radius :
dF
T lige=o

The same idea of form factors exists when the scattering is with the proton but it is more complicated,

as the proton also possesses magnetic moment.

We introduce the four vector T4,

(N (p) [, (0)| N (p)) = @ (p) Tty u(p) (3.34)

The most general form involving only p,p’,v* and respecting parity (no ¢#*?? term) and relativistic
invariance is

Ik, = Ay" + B(p" +p*) + C(p" —pH). (3.35)

As TE,, is contracted to spinor fields, we can suppose that A, B, C is a function of a scale only, which is

here then ¢?. By current conservation, one finds that C' = 0

Using the Gordon identity

1

@ () uP ) = 5 @@ () [0+ )" +io™ (o ), ] D () (3.36)

gives the final form below for the four-vector:

T = [mFl (¢°) + z‘a*‘”qyﬁ& (qQ)} : (3.37)

where Fi, F5 are real functions in the region q2 < 0. They are called respectively the Dirac and Pauli form

factors. k is called the anomalous magnetic moment.

By definition, IT'* appears when one tries to calculate the scattering of the particle to an electromagnetic
field A,. The leading order term in the scattering amplitude has the form iM o —ie(al*u)A,(g). One
then considers the limit where A, = (&, 0) is an classical electrostatic field, so ¢° = 0 and has with slow

spatial variation so it is concentrated around ¢ = 0. In this case, we have
iM o —ieiy"F1(0)ug(q) o« —iV (q)ar"u

where V(q) = Qle|¢(g) and Q the charge of the particle unit of |e| , i.e. the scattering approaches to the

one on a coulombic potential Therefore, this shows that Fy(0) = Q. This remains true at all order.

Similarly, by considering the coupling with a slowly varying magnetostatic field, one shows that
g =2[F1(0) + xF2(0)] = 2Q + 2k, (3.38)

where g is the Landé factor. We normalise F»(0) = 1. The second term comes from radiative corrections.

If Kk << 1 and g ~ 29, the particle can be considered point-like, which is the case for electron or muon.
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Howerver, experimental measurements have shown that the value for anomalous magnetic moment of the
proton and neutron are s, ~ 1.7928 and &, ~ —1.9130, hence, confirming that nucleon have an inner

structure.

3.2.2 Sachs electric and magnetic form factor

In practice, it is more physically meaningful and easier, as we will see later, to work with the Sachs electric
and magnetic form factors defined by

rg?
R

g (3.39)

Gy = F1 +kF>

Gg=F+

The physical significance is best understood in the Breit frame, corresponding to the center of mass
frame for the incoming and outgoing proton. As p+ ];’ = 0, then ¢ = 0. The four components for the

hadronic current in this specific frame are

0 _ eGE(QQ) (3.40)
J=ieGarr(¢?)(@ x §)/ M. (3.41)

By comparison with the non-relativistic theory, we can then associate Gg and Gj); to the Fourier

transform of the electric charge and magnetic moment distribution [22].

Hence, the extraction of Gg and Gj; from cross-section allows us to access the mean square radius of
the charge and magnetic distribution as ([3.32)) suggested:
dG E

dGM
6——=- . 3.43
<3 >= a2 oo (3.43)

In the laboratory frame, the approximation of Gg and Gj; to the Fourier transform of charge density

is valid as long as [q]? << M?2.

Finally, we have at Q? = 0, the Sachs electric and magnetic form factors become:

Gr(0)=Q et Gup(0)= Mi =Q+rk with k<<l (3.44)
N

where py = @ is the nuclear magneton.

3.2.3 Hadronic current and spin

We note P, = pL + pu and P2 = 4M? — ¢%. From the previous parts, I',,, for spin 1/2 has the form (3.37).

Using the Gordon identity, I', can be rewritten as

rF:
Im = —TJ\/[ZPM + Gy (3.45)
Gm
_ 1! pp o
2MP +igirag,. (3.46)

(3.47)
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In the point-like case, I't,, becomes

O+
e, = Oy = %P‘L + z%a‘“’qy. (3.48)

In the case of spin-0 particle, the matrix element takes the form
(m (p) |74 (0)| m(p)) = P'F, (3.49)
where F satisfies F/(0) = Q. This reduces for point-like particle to

(m (p') |7, (0)| m(p)) = QP*. (3.50)

3.2.4 Structure function in the elastic region

In the elastic case, the energy of the outgoing electron E’ is fixed completely by the scattering angle § and

the energy of the incoming electron E. More precisely, the elastic relation p? = W2 = (p+ q)2 = M? gives
0
2p-q+¢*> =0 orin the laboratory frame M (E — E') = 2EE'sin* 3 (3.51)

Thus, E’ is fixed through the relation

1
F=F—FXM——, 3.52
1+ 2—EM sin? % ( )

where 1 5 corresponds to the recoil factor.
mn< s
2

1+%s

The expression of the elastic hadronic tensor from (3.15) has the form

1 2
Wil = e’ (u + ng) H, (3.53)
where
1
He = 2 3 (oo [T ) 0 1T 920 (354)

e

To compute this, one need first to integrate over the phase-space of the outgoing proton. Then, the
property 0 (f(z) — f(zo)) = (m) d (x — xp) can be used twice here to obtain the delta function in
(3.53). In more details, we have

8 (ph — M —q0) =6 [ph (E') + E' — (M + E)]

/ ’ 7y [—1
_ ‘ W 5B~ E'(E.9)] (3.55)
-1 5 [E, _ E/(Eaa)} .

ME
poE’

In the same way,

2 /
) B ,_2EE -2Q
5<u+2M>—5<E FE % sin 5

2 —1
)|
=|——5 | [F-EE0) (3.56)

E
=0 [E' - E'(E,0)].
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We now compute H ﬁfj The simplest way to do so is to use for the current matrix element, the expression

given by (3.45):
1 kFy )
HY = - T "+ M) | -=—=P o M) | —-——=P v
- nfion (o) oen( Gnea)]
= —kF (Gg + Guy) (4M? - ¢*) PP, + G3rhy,
where
7
by =2 (Pup:/ + Ppy + 291“/) : (3.58)
In the point-like case, H!)” reduces to
HY = Q*hH. (3.59)

. The elastic differential cross-section, obtained after integration over E’ of (3.29), reads

dQO.el a 2 gr2 .
W — 4 E2 EMVHEV (360)

We have then something similar in terms of cross-section as for electron-muon process if h,,;, is considered

the analogue to the muon leptonic tensor but for point-like hadrons.

Projecting H)” using P}’ and ¢/, defined by (3.23) and (3.24), leads to the expression of the elastic

structure functions

2
el __
Wi = 4M2G <+2M>

2 2 2 (3.61)
wel ~ Ge ey, @
_ 2M )’
4M?2
which become for one-point particle:
l 2 'S
€ — P
Wlpt_ 4M2Q5<1/+2M>
N (3.62)
I _ 2 q
W;pt = Q 6 (V + W)
3.2.5 The elastic differential cross-section
Finally, the differential cross-section for the electron-nucleon in the elastic regime has the form
doel 2 1 2 50 G2 @ G2 0
2 = a. —7 TG QQGM51 *+¢icoszf . (3.63)
dQY  4E?sin*§ 1+ 22sin2§ | 2M 2 1+4QW 2

This is the Rosenbluth formula.

We see then that there is interference between the Dirac and Pauli form factors so their errors on their
measurement are higher and more correlated compared to Sachs form factor. This is one of the reason why

they have been defined.

In the point-like limit, this becomes

do*t Q% 1 Q? .90 9 0
(dQ )pt:4E25m4g1+2}\§s 20 {2M2 s o+ cos 2}- (3.64)
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In the Mott regime where Q% << M? or equivalently E — E' << M?, it reduces to

(da) _ 1 Q%a%cos? § . 565
A0 ) prore 14 2Esin2 ¢ 4E2gint ¢
Therefore, l 2 2

0= (i) [T e g (3.66)
with 7 = %,

3.2.6 Phenomenology

One method to extract Gg and G is the Rosenbluth separation method. It consists in measuring the
differential cross-section for different values of  at fixed Q2. In the early use of this method, some kind of
reduced differential cross-section were defined and analyzed which are dependent on the diffusion angle. As
an example, in [21], they define R(6,¢?) = cot? g [G% + TG?M] +7(1+7) G?M and plot it as a function of

e

The modern notation of the elastic cross-section is

do  (do 1 2 T 9 1
daQ (dQ>Mott 1+7 {GE_F eGM] Q2’ (3.67)

-1
where € = [1 +2(1 4 7) tan? g} is the virtual photon polarization.

Thus, one makes use of the linear dependence on € and defines the reduced cross-section

do) e(1+7)<d0> (do) 9 € o
do _ 4oy, (4o =G%, +SG2. (3.68)
< dQ) reduced T dQ) exp dQ) Mott T b

Plotting this reduced differential cross-section as a function of € for fixed Q? gives GZE as the slot and G?M

as the ordinate intercept.

Using (3.42)), one finds rg ~ 0.8 fm.

Moreover, as shown by figure for Q%2 > M?, with M? ~ 1GeV, the precision on the measure of G
strongly decreases. This is due to the presence of factor of H% that multiplies GZE. For Q? < 1GeV, we
have Gg, ~ Gp where

1
Gp=—"3 (3.69)

2
(1 - 0.7quV)

is the dipole form factor. By contrast, from figure one can see that Gy, ~ ppGp is accurate for large
Q>

Another method used to extract form factors is with the double polarization technique. One either
have the incoming electron beam and target that are polarized or uses the recoil polarization technique. In
this latter case, the recoiled proton is polarized by the the incoming beam. Its polarization is measured
giving Py, longitudinal component, parallel to its momentum and P, transverse component, orthogonal to

its momentum. The ratio g—ﬁ is related to them through

Gp P E+E 0
Bt tan . 3.70
Gu P oM M3 (3.70)
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Figure 3.2: Data for G, using the Rosenbluth separation. From [30] based on [21], [27], [35],[6], [4], [24],

9], [A0],[2], [10],[43],[12], [36]
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Figure 3.3: Data for Gy, using the Rosenbluth separation. From [30] based on [21], [27], [35],[6], [4], [24],
91,121, [10], [43], [12], [36], [26], [13], [39]

G
/i\g 2 do not survive. It is now assumed that the

discrepancies between results using the Rosenbluth separation method or polarization technique are due

From |3.4f one can see that the scaling law Gp, ~

to the fact that radiative corrections have not been taken into account in the cross-section. In fact, all

the analysis so far has been done at Born level but the exchange of two virtual photons can also be
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Figure 3.4: Data from the three G, experiments at JLab based on recoil polarization technique[3T]

considered. Nevertheless, the effect of taking into account two photons effect are not apparent in polarization

experiments. Its contribution to e™p — e p is yet to be determined.

3.2.7 Asymptotic behaviour of form factors

In the region of deep elastic scattering i.e. xp; < 1 and Q? large Q? >> )‘220 p» one can use perturbative
QCD to predict the dominant power contribution to the asymptotic behaviour of the form factors using hard
counting rules[II]. The asymptotic behaviour are derived in the context of the parton model and rely on
dimensional analysis. A proper justification of these rules are based on factorisation theorem which allows
us to separate the hard part corresponding to short distance dynamics from the soft part corresponding to

long distance dynamics.

The leading order diagram is illustrated in Figure [3.5
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Figure 3.5: Deep elastic scattering in the parton model. The blob correspond to the soft part. In red are

the hard propagators.

The analysis of the hard scale is made in the Breit frame, where p7 + p'= 0 giving then ¢ = —2p. In this
specific frame, the transverse momentum of the partons can be neglected.Therefore, their momentum have

approximately the form p; = z;p where z; is the fraction of the proton momentum carried by the parton i

(i@ =1).
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The hard counting rules are listed below.

e Hard gluons exchange should happen to ensure the elasticity of the scattering, meaning the non-

fragmentation of the proton due to the high momentum transfer from the photon. The contribution

1

of each gluon propagator is of order oz

e The contribution for the fermionic propagator is of order é

e In the short distance dynamics, the partons are considered as free. Hence, the incoming and outgoing
fermions can be replaced by free spinors u ~ V2FE¢ ~ /2x;|plé ~ /QE& where £ are elementary

Spinors.

Thus, the matrix element of the partonic electromagnetic current has the asymptotic behaviour

) v ~4(g2) (5) (V@)

) (3.71)
~ ot

where A is a constant. From ({3.37)), this gives us

A

0 ~ |ﬂ"yHuF1‘ . (3.72)
A factor of Q relates F7 and the amplitude.

Fi (Q?) ~ é

B(@) =g (3.73)

Gg ~Gu ~ 21

where I comes from % ~ @ opugy Fal.

This can be generalized. For a hadron with n constituents in the quark model i.e. n = 2 for a meson

and n = 3 for a baryon, the form factor has the following behaviour,

C
2) ~
Another formalism used to determine the behaviour of form factors is by working in the Sudakov frame.

First, let’s define the light cone variables. If (vo, vl 02, v3) is an arbitrary vector, the light-cone variables

are defined as ]
vt = ( 04 1)3)
2 . (3.75)

v=uvp = (v2,v3) = —v| euclidian metric forv

3

The scalar product in this basis is v - vg = vaQ_ + Ul_vgr —v1 - V2.

In Sudakov frame, two light-cone vectors pi,p2 are defined, going in 4+ and - directions. We note
2p1-2 = s. Here, we can choose p; = p and py = p giving then sQ?. All other vectors are then expressed in

term of those two vectors:
k =ap1+ PBpet+ ki

- - 1

(3.76)

Its square reads

k> = afs+ k3 =afs —k? =2kTk™ — k2. (3.77)
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The decomposition of the elastic scattering in this frame is schematically represented in figure [3.6] We
observe a necessary flip of both directions in the hard part. One can show that af3s is of order Q2. Hence,

one recovers the same contribution for propagators in the hard part as with the hard counting rules. Thus,

2
the hard part is of order ( L ) (%) &. The form factor Fy associated with this flip is then ~ 25

Q2 Q%

Figure 3.6: Hard part of e-p elastic scattering in the Sudakov frame. The hard propagators are represented

in red

Unfortunately, the experimental data found at SLAC and JLab are not in agreement with the pertur-
bative QCD prediction (3.73). The scaling law % can be improved if the parton orbital angular
Q*F(Q?) Q?

momentum are taken into account [5]. The scaling law obtained is Q™ In? (A—Q) and seems to

better agree with experimental results.

3.3 Deep inelastic scattering

The core statement in the parton model for deep inelastic scattering is that the electron scatters elastically

to a parton, considered as free, instead of the whole proton. The deep inelastic scattering is then illustrated

by figure 3.7

Figure 3.7: e”p deep inelastic scattering in the parton model

The kinematics used have already been described in
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3.4 The parton model and the impulse approximation

Drell et Yan [I5] argued that the parton model is the application of the impulse approximation to high
energy particle physics and justify this approximation using a frame where the longitudinal momentum of
the proton is large P2 >> M?, called infinite momentum frame and when one works in the Bjorken limit,

Q? — oo, v — 0o and xg; is fixed and finite.

3.4.1 The impulse approximation and validity

The impulse approximation is a concept that lies within low energy atomic and nuclei physics. In the case of
a one-particle projectile that scatters to a target in a bound state, the approximation is that the scattering is
between the projectile and one particle of the target, considered as free. This relies upon some assumptions,
notably that the range of interaction is small compared to the inter-distances inside the target and that the

interaction time is small enough to ignore the binding energy inside the target.

In the regime of deep scattering, the wave length of the virtual photon is of order 5 For Q? sufficiently
large then, it is much consequently much smaller than the radius of the proton: 7, ~ 1fm. The first condition

for the approximation is then respected.

We will now consider the two time scales of interest in DIS. If we note by = the fraction of longitudinal
momentum of the parton that interacts with the virtual photon, py |, mj and ps |, mo being the transverse
momentum and masses of the parton and of the rest of the constituents in the proton, then the interaction

time is of order :

1 1

e AE (3.78)
V@PP 5ty ot 4 [(1= )P+ 93+ = VP AR
1
izoo 2 Am? P2 tm2 (3.79)
—00 2(‘$|+|1—$‘—1)P2+ 1Lm 1 inx 22
2P
22 212 for 0<z<1 (3.80)
1 xpll + 2171;2L *MQ
2P
TMZ, (3.81)
My

The time of the interaction in the center-of-mass frame, which is a particular example of infinite mo-
mentum frame has the form:
1 4P
T~ —

_ 82
@ 2Mv—Q?2 (3:82)

In order to have 7 << T, the condition Mfff << 2Mv — @Q? should be respected. This requires to
have p; | bounded and z away from its end points. The Bjorken limit ensures the later, as one can easily
prove that, in the naive parton model, z = sp; from the elasticity condition : (p;+ q)0 i~ (0. For the
former, transverse motion are caused by strong interaction and therefore the transverse momentum is in the
order of the binding energy, which itself is of order the mass, and so in an infinite momentum frame where

P? >> M?, the transverse momentum is negligible : Dip = TPy

Hence, the time scales are such that the binding forces are negligible during the time of the electromag-
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netic interaction.

Since the impulse approximation ca nbe applied, one can therefore factorize between the hard part and

non-perturbative soft part:
do , _ _ dé , _ _
E(e p—e p) :Z/dxfi(a:)g(e g —e qi) (3.83)
1

where f;(z)dx is the probability that the parton g; interacting with the photon has its longitudinal momen-
tum fraction between = and x + dz. f;(z) is called the parton distribution functions and are supposed to

be universal, process-independent.

We note that struck parton cannot go backward i.e. has z < 0 or z > 1. If that was the case, the
transition amplitude of going from a proton state to a parton and its other constituents (which has the
same form as T) would have a factor of P? in its denominator, as one can see from (3.79). Hence, the

probability to have a backward parton is very much suppressed.

3.4.2 Infinite momentum frames

A whole family of infinite momentum frame exists but not all of them are convenient in treating DIS in the

parton model and interpreting the results.
Listed below are some common frames used to discuss the parton model.

First, the four-momentum of the proton is chosen as

M2
Pu = (m, oL,P) ~Psoo (P + 5500, P> (3.84)

2P

The constraints on qu = (QO, ql1, QZ) are

M2
pra=Mv=Pp—q)+ 550 ¢ =@-q¢)o+e)-d (3.85)
The parametrisation
A
q0 — 4z — F
qo0 = BP

enables us to have Mv and Q2 independent of P in the limit case where P — oo.

Different choices of A and B give different infinite momentum frame. The two extreme cases are :

— — 2v.
l.For A=0 B=2,

2v 2v .
Qu = (MP,qL, MP> with ¢* = ¢ = —¢°

This is the case where qo = ¢, ~ P.

_ _ 2Mutq? .
2. For A=Mv B == 57";

_ [(2Mv+¢? > —2Mv
q_ 4P 7QJ_7 4P

It corresponds to the extreme case gy ~ q, ~ %. One can check that it is the center-of-mass frame.
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3. B=1§ A= Mv:

Mv Q?
=(=—,¢.,0) = =—"—,¢.,0) ~(0,q.,0
q (P 241 ) (thP,(u, ) (0,41,0)

As for the one above, it also corresponds to small ¢y and ¢,. This is called the Bjorken frame.

_ Q% .
4. A= Tzp, P2

This choice gives the Sudakov frame, which is introduced in The idea behind this frame is to

2
290 5 and B = —xp; +

define the two light-like basis vectors p; and ps such that, for processes with two massless colliding
particles, the two projectiles have their momentum along the two light cones directions +/-.

Setting p1 = P (1,0,,—1) p2 =54 (1,0,,1) gives, for Q? >> M?,

p=p2, q=pi—Tpp2, P1=p3=0 and pi-pr=p-q

The Breit frame is also an infinite momentum frame, where the momentum of the incoming parton is

reversed after scattering:

q:(OvoLa_QxBjP):(OaOJ_a_Q)v pi:xp:(xPaOJ_axP)v pz—i—q:xp—l—q:(xP,OJ_,—a:P)

Lastly, another frame of interest is the referential frame of the proton :

2 2 2 2 2
0= (v,00, V@ +2) " =E (vowa) <Q 0y, -2 +Ma:Bj)

QZ'BJ‘M’ L 2xBjM

It is an infinite momentum frame from the point of view of the virtual photon.

3.5 Consequences of the parton model on structure functions

We introduce new structure functions :

lim MW, (¢%,v) = F1 (v, Q%)
g2 —00
z gjfixed

lim vy (%, v) = Py (v, Q%)
q — 00
z g, fixed

(3.86)

In this naive parton model, the electron scatters elastically to a "free" parton. Hence, for a proton

composed of a parton of mass m and charge Q, then from from their expression in the elastic regime, its

( 22;) (3.87)
5 <1 ;jfy) (3.85)

structure functions has the form

Wi (v, Q?) = 4?5( )
W, Q%) = (—é‘i)i
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Neglecting transverse momentum gives p;;, = xp,, hence m = xM H Thus,
Q? Q? TBj
P = §(1— =25 (xp; —
VT AMay 2Mxv 2z (xBJ z)

Q2
=0 (1 B 2qu> =0 (wnj — )

(3.89)

Finally, as protons have all type of partons i with charge e; in units of |e| , the proton structure functions

are obtained by weighing the above functions with f;(z)dz, introduced in (3.83) and summed over i:

Fy (zpj) = Z/dx egfi(ﬂf)%ﬂwj —x)
i (3.90)
Fy (zgj) = Z/dx e fi(x)xd (zpj — )

Two observations can be made on (3.90)). First, F1, 5 only depend on xp; and not on Q2. This is the
Bjorken scaling[7]. This behaviour will not remain true once radiative corrections are included, as we will

see in[3:8] The second observation is that they respect Callan-Gross relation
F2 (.’L’Bj) = 237BjF1 (xBj) (3.91)

This is a consequence of partons having spin %, as it was derived from their expressions in the elastic regime,

structure function in elastic scattering of a point-like particle of spin %

3.6 Tests of parton spin

3.6.1 Callan-Gross relation

An equivalent form of (3.91)) exists, which is derived by comparing the differential cross-section of e™p with

e~ . The Mandelstam variables for the partonic subprocess are :

. N 2 . 2 A~

5= (k —I—pi)Q ~f=(k—k)" = —Q? ~ —zgjySa= (K —p;) =—-5—-F=—-ap;(1—-y)S (3.92)
where S = (k + p)? and electron and quark masses are neglected.

As parton are point-like and spin %, the differential cross-section of the subprocess e~ ¢; is given by the

one from e7p™ :
ds 2ra?e? 82 + (84 1)2
dt 82 #2

3.93
271’012612 2 ( )
Therefore, from (3.83), the differential cross-section reads
d2o 2ra’? 9
= 1+ (1-y)| P 3.94

14+ (1- y)2 behaviour of the Cross-section is another proof of partons having spin 1/2.

n reality, the partons cannot have mass m = xM. This would mean that quarks mass are not negligible compared to the

proton mass. However, in an infinite momentum frame, as P >> M, then all masses are negligible.
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This behaviour is found when comparing (3.94) with the general form of the differential cross-section
(13.29)), which can be rewritten into
d’o - 4ra’
Ipjdy  wpjyQ?

2 2 M2
[xBjy F+ (1 —Y—TpY o ) F2:| (3.95)

We introduce the transverse and longitudinal structure functions associated to the cross-section v; /TP

X, as we will see in the next paragraph:

FT = 2.133 'Fl
! (3.96)
FL - F2 - 2ijFl
Longitudinal polarisation cross-section has a significant contribution when
2 g 2 2 2
QT~ S Sy~ -9 Z = % >>1 (3.97)
Thi  TBj xrp;S Q 4M xBJ
In this case,
d?o oy d?o
drp;dQ? — Q2 dap;d
Bj Q Q B] Yy (3.98)

szyQQ{[ +y}F2* QFL}

Callan-Gross relation gives Fr, = 0 and Fp = F5. Therefore, (3.98]) gives back (3.94)) and both of them

are proof of partons having spin 1/2.

Callan-Gross is violated when taking into account QCD corrections.

3.6.2 R ratio

The expression of the total cross-section for the photo-absorption of the virtual photon has the form

dmra?

o (v'p = X) = WH el e (3.99)

Ko
where WH is the hadronic tensor and €, vectors are defined in [3.1.3]

Two conventions exist for K«

o Gilman :
Q2
K*: —_—
v V+21/

e Hand :
Q2
Kow =y — 4
VT oM

Using the decomposition of WH” with (3.97)), one gets the cross-section for longitudinal and trans-

verse polarized photon

Ana P
__ _tot * T
or =0 (71p ) Ky« 2Mxp; X
ot (/y*p X) 47.(.2a FL (3 00)
L K.« 2Mzp
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The ratio R is defined by
_o_ I

= 3.101
or — Fr (3.101)

Depending on the spin of the parton, R has different values :

e if all partons are spin %, R — 0 as F;, = 0 from Callan-Gross relation
e if all partons have spin 0, R — oo. This is because for particle of spin 0, one can show that Fy = 0.

e if there is a mix of partons of spin 0 and lm Experiments at SLAC, where Q? ranged between 1.5

and 21 (GeV /c)?, has found that R € [0;0.5] [28].

3.7 The parton structure of nucleons

By isospin symmetry SU(2), we have :

£ =i

= U
£ = g = g
==

Moreover, the partons distribution function should respect the sum rules, corresponding to the conser-

vation of quantum number :

Charge conservation:

L1y f (3.102)
Q= /0 dx {3(d—d) — 3(u—ﬂ):| =0 for neutron

e Isospin number :

1t 1
I3 = 5/ dzf(u—1) - (d—d)] = 5 for proton
X 0l , (3.103)
Iy = ,/ dr[(d—d) — (u—u)] = —= for neutron
2 Jo 2
e Strangeness :
1
S = / dz(s—35) =0 (3.104)
0
e Baryonic number :
<B:%/w—a+d—d+s—ﬂ=1 (3.105)

The sum rule on B can be obtained using the relation Q@ = I3 + % with Y = B+ S.
Combining the condition on @ for the proton and neutron, we get
dz(u—a) =2

0 (3.106)

/()1dx(d—J):1
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i.e. the net number of each type of quark is the number of quarks in the quark model.

Finally, the last sum rule to consider is energy-momentum conservation for proton and neutron:
1
/ do [u(z, Q) + d(z, Q%) + s(2, Q) + a(x, @) + d(z, Q) + 5(2,Q%) + g, QD] =1,  (3.107)
0

where g(z, Qz) is the gluon distribution. Its presence is important as experimental data show that quarks

carry only approximately ~ 50% of the total momentum of the proton [32].
Same kind of sum rules exist for the neutron.

The qualitative shape of F5 is described in figure

Three valence quarks
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Figure 3.8: Qualitative shape of Fy depending on the model of the proton structure. Figure from [20]

If the proton is composed of the three valence quarks, then naturally each quark is associated to a delta
function and Fy = 36 (vp; — 1/ 3). If one adds interaction to the previous model, then the distributions
become continuous and spread them between 0 and 1, with a peak at 1/3. Finally, if one also considers the
splitting of gluons by Bremsstrahlung into sea quark-anti quark, splitting with a probability of dz/x, then

in the small- x region, F5 becomes non-vanishing.

We can be more quantitative. One can separate the contribution from the valence quark and the sea
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quark for the up and down quarks :

U= Uy +mMm

d=d,+m

with Uy, = Gy, = dpm = dy, = s = § = m if assuming the SU(3) flavour symmetryﬂ Then, the proton and

neutron structure functions have the form :

(p)
F. ; 1 4
w — ,(4uv+dv)+,m
:UBJ' 9 3
(n) 55) (3.108)
F2 xBj 1 4
“2 7PV -~ (4d il
ZBj 9 (4dy + uo) + 3"
Their difference gives
Vo) )y _ 1
o (R -R"Y) = 3 (w, —dy) (3.109)

Experiments confirm that the difference has indeed the predictive shape in [3.8 shape when one excludes

the contribution of sea quarks and gluons.

Let’s analyse now the ratio FQ(p ) / FQ(n), which has the expression

FP duy +dy +12m

= . 3.110
Fz(n) 4d, + uy +12m ( )
When xp; — 0, the sea quarks and gluons outweigh the valence quark. Therefore, one expects
F(p)
2 (3.111)
F2(n) rBj —0
In the opposite case of large momentum fraction, valence quarks should predominate, leading to:
2 U T+ 40y (3.112)

FQ(”) ‘I’Bjﬂl 4’LLU + dv

From experiments, it has been found that the ratio tends to 1/4 when x ; is large, which is in accordance
with the idea that the up-quark predominates the down quark in the proton. Thus, the assumption u, ~ 2d,

is wrong as this would leads to FQ(p)/FQ(n) —3/2.
It has been shown that the predominant valence quark should have the form
folapg) ~ (1—ap))®
This is the Drell-Yan relation [14].

The power of 3 comes from the relation between the behaviour of PDFs near 1 to the asymptotic behavior
of differential cross-section of deep elastic scattering. Deep elastic scattering occurs when the struck parton
has a momentum fraction near one and the other constituents are sea partons. Therefore, the scattering
amplitude of deep elastic scattering (and so the form factors) is proportional to the probability of having
one parton with momentum fraction between 1-y and 1, with y small f117 y dz fi,(x). One can show that
this probability is of the form y®, giving f,(z)(1 —2)®~!. One then expect a ~ 4 as the deep elastic

cross-section is governed by Gy ~ 1/Q*.

2From New Muon Collaboration deep inelastic muon scattering data, it was found that d is higher than @ for z small
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Figure 3.9: NLO PDFs at Q% = 10GeV? and Q2 = 104GeV?, with associated 68% confidence-level uncer-
tainty band, using the MMHT2014 parametrisation [25]

Figure [3.9] gives the partons distributions functions from electron-proton deep inelastic scattering and
other related hard scattering processes. From this figure and figure [3.10] one can see PDFs do depend on
Q2. This is especially the case in the small-x region. The resolution is going as 1/Q so when Q? increases,
we can see more partons inside the nucleon. Moreover, when x is small, the sea quarks and gluons dominate
in the nucleon and this dominance increases even more with the increase of Q2. The evolution of PDFs in
term of Q2 are given by the Dokshizer Gribov Lipatov Altarelli Parisi (DGLAP) equations. Perturbative
QCD can then be applied to find PDFs to different orders of the strong coupling constant ag.
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Figure 3.10: Measure of FQ(p ) from various experiments. They are offset from each other by 2'z, where i is

the number of x bin in descending order.

3.8 The improved parton model

Radiative corrections to the sub process v* — parton are added to the naive parton model discussed in
the previous section. the leading order correction O(ayg) correspond to the emissions of collinear gluons
by either the incoming or outgoing quark. However, multiple splittings are possible and the intermediate
particles in the parton cascade are increasingly virtual, meaning x;+; << ;. The IR divergence, from
corrections and which are of the form (aS(QQ) In (Q2 / Q%))n ,n € N where Q% is a suitable renormalisation
point are resummed. In the following, we will note by ¢ = In (QQ/ Q(Q)) The resummation corresponds to

renormalisation group equations of the quark of flavour f:

f a 1 . x x
) = 25 S 0 0) 0P+ Gl 0P
’ i (3.113)
= BSOS 6 P () + (G@ Py a.1)

J
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and for the gluons distributions functions:

« 1 : x x
ety = 2 [ LS 0000 P + GO P ()
¢ i (3.114)
= SO S Pag) 1) + (G © Poc) 1)

J

The P functions are called the splitting functions.

It is easier to understand the meaning of these equations if one considers having only one flavour and
if one defines ¢y ¢(z,t) = q(x,t) — §(x,t), the "net" number of quarks in the proton from the point of 7*.

gns(z,t) DGLAP equation can rewritten as

1 1
gns(z,t) +dgns(z,t) :/0 dy/0 dz d(zy—x)qns(y,t) 5(z—1)+%qu(z)dt (3.115)

From , we can see that the number of net quarks with fraction momentum x changes with the
infinitessimal variation of resolution dt. Starting from a quark with fraction momentum y, it can either
already have momentum x = y and not radiate or it can split into a collinear gluon and a quark of fraction
momentum z = zy. Pgq(z) is then, for z < 1, the probability density of finding a quark inside the parent

quark with fraction z of the parent momentum.
The splitting functions have the following properties.
The conservation quarks, anti quarks leads to
1
/ dz Py(z) =0 (3.116)
0

The conservation of proton total momentum % fol dzz [Zle ¢ (x,t) + G(z, t)} = 0 results in:

1
/Odz 2 [Pag(2) + Paq(2)] = 0 (3.117)

1
/O dz  z[nyPyg(2) + Pag(2)] =0 (3.118)

Their expression are found using quark, anti quark and gluon splitting vertices, as explained in [I] :

22
P(z) = Cp (1;12 + 25(1 — z)) (3.119)
+
P(z) = % (z2+(1-2)%) (3.120)
)2
PGq(Z) = Cpl + (12’ ) (3.121)
z 1—2z 11 1
Paa(z) =2C z(1—=2 —Cyp—=ns)o6(1l—2z 3.122
6ale) =20a (g |+ e0-9) + (G- gu) o0 @iz

where

of) [P fe) - ()
/07619:_/0 ﬁdx. (3.123)

(I—=)t

is the "+" prescription which regularize 1/ (1 — z), when associated with the term proportional to §(1 — 2),
at the singularity z = 1. This corresponds to taking into account virtual corrections (self-energy and virtual

exchange of gluons). which cancel the emissions of soft gluons, that leads to these soft IR divergences.
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Chapter 4

Conclusion

In this dissertation, we saw how QCD is a good theory of the strong interaction, especially because of its
non-abelian nature leading to asymptotic freedom. One important concept of this theory is the parton
model, which is used, with perturbative QCD, to analyse and predict experimental results for hadronic
processes. As seen, form factors and PDFs, which are subject to integro-differential equations similar to
renormalisation group equations, are two key ways to characterize the structure of the nucleons and their
measures can be done through lepton-nucleon scattering. Many aspects have not been covered in this
dissertation. The first one is all the other ways that the inner structure of the nucleon can be characterized.
One of them is the Transverse Momentum Distribution, which is an extension to the idea of PDF and include
the transverse momentum as a variable in the distribution. Another one is the inclusion of spin in the PDFs
and the determination of how the spin of the proton is distributed among its different constituents. From a
more theoretical point of view, discussions on saturation occuring the small-x limit and the theory of Color

Glass Condensate habe also been omitted.

Future experiments such as those that will be realised in the new Electron-Ion Collider (EIC) or at
LHeC, will increase the precision on the measures of PDF5, especially at the extreme regions of zg;, large-x
and small-x, region where asymmetry for the sea quarks has been recently observed between the ani-up
and anti-down quark. Those measures will then make experimental predictions on hard hadronic processes

more accurate.
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Appendix A

Color factors

We note by T generators of a quelconque represnetation of SU(N) and by ¢* the generators in the funda-

mental representation.

Some useful relationships to calculate color factors :

Tr (T%) = 0
[T“7 Tb] = ifabere, £ totally anti symmetric

5ab
{t“,tb} =5 + d™°T¢, d™° totally symmetric

$° docd ghed — (N— 4) 5ab
cd

N

1
Tr (t“tb) = 56‘11’ Usual normalisation

1

1

I will now give two typical color factors.

In the fundamental representation, the color factor is :

N2_-1

ab
(t)ij = Cpdij = —55—

We note that t?¢t® is a Casimir operator ie commutes with the generators of SU(N) so commutes with all

elements of the Lie algebra. Hence, from Schur’s lemma, t*t* = C'r1l. Tracing this relation gives the value
of CF.

The color factor in the adjoint representation is :

facdfbcd _ CA(Sab — Néab

It is possible to calculate color factors using a graphical methods. Examples and details can be found
in [37]
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Appendix B

Notes on path integral

The fundamental question that the path-integral approach of quantum mechanics answer is the calculation
the transition amplitude that a particle at q(tg) = z; will go to q(tf) = xy. In this formulation, one finds

that the probability amplitude takes the form :
- zf ty
(wyl|emHtr=t0)|2;) =/ Dq(t) /Dp(t) exp </ dtpg — H(p, Q)> (B.1)
T; to
where q and p the position and momentum. The dimension of the phase space is 2d.
The functional integral [ Dq(t) and [ Dp(t) are defined by :

zf
/ Dq(t) = lim 1—171:[;01 d%;  qo =z and gy = Ty
z;

Moo (B.2)
/ Dp = lm T (ijrp)id
Integrating gives the configuration space (g, ¢) path integral :
(wglem =) a;) = N / " Dy(t)esla] (B.3)
z;

where S is the action dependent of ¢, ¢ and A is a normalisation factor.

(B.3]) is the generalisation of the principle of least action to quantum mechanics and can be extended to

quantum field theory, where then the variables are the fields themselves.
One important concept in path-integral quantum field theory is the generating function :
ZJ] = /D¢exp (z’S(¢) +i/d% J(a;)¢(a;)) (B.4)

which is used to calculate Green’s functions through the relation

Co(x1, s ) = (QTG(21)...0(2) | Q) = (—i) o" (Z[J])

ST (B-5)

with ¢ a scalar field and [ d%x J(x)é(z) is the source term.

For fermionic fields, the same kind of generating functions are defined but on should be careful as then

functional integral and sources are Grassmannian.
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Appendix C

B-function through the Background
Field method

C.1 Background method

We will outline the calculation to derive the first-order Sy -function. This is based on the lecture notes of

Andrew J. Tolley and on [33]. We neglect the mass of the fermions in those calculations.

The Background field method consists at separating the gauge fields into fixed, classical fields A (z)

plus quantum correction W (z) ie

Al (z) = A (x) + gWi (z) (C.1)

g here plays the same role as v/ when we separate in the same way for the fermionic fields.

The equation for the one-particle irreducible (1PI) effective action is :

exp (’LF(A,B,w*,’l/)* /D.A/DB/DC/DC/Dw/Dw ezSBRST+fd zP(ilD)Y—isource terms (C 2)

iT(A,B) (¥, Peskin : 1995ev(C.3

B2 + [dye( x)%{‘%m ’(y)) and the source terms

where Sprsr = [ de (§(Fg,)? + B*FA(A,) + §B
are [ ddz (Ji (AL — AL) + K9(B® = BY) + (= )0 + (¢ — 1))

J, K,n,n are such that :
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We rescale the fields :

From this rescaling, we then have :

1
2 2
F/w — g—QFW

D, — 0, — iAZt“

Moreover, from (C.1)), we have :

a a
Fiw = Fu + gDﬁ*gDuWﬂJrngabCWﬁWﬁ

Dy, = Dy —igW;

The gauge is fixed to : F?(A,) = D!(Af, — Af) with D), the covariant gauge w.r.t Af,. From the

infinitessimal form of the gauge transformation dAf, = (D,0)%, we have %@))(‘T) = (D*D,,)6( ) (2 — y)

By choosing B such that % = 0 and integrating w.r.t B, the new gauge fixed Lagrangian is :

L =y (Ef)? = GFR(DWy)* — g fWEWS — (D WS — DyWi)?
_i(DMWﬁ)Z + ¢ (—(D?)ae — fabc(DMW#)b)cc + (i) +gWﬁ’y“t“)w

(C.4)

This Lagrangian is invariant under the local background gauge symmetry (5AZ = D,0% under which

W, ¢, € transform as :
bepb
W5—>WE—f’l06‘ AZ
U — Y+ i0%%Y

& 7fabc6.bcc

C.2 One-loop effective action

In those calculation of the expression of the one loop effective action, I drop linear terms in W), as they

aren’t of interest here.
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C.2.1 Fermions one loop effective action

We redefine the fermionic fields :

7/):1/1*+X\/%

The calculation only goes to the one-loop effective action ie order v/h. Hence, in the source terms with

% and%7 the partial derivatives only need to be calculated to the zero-order as the terms into bracket

already is of order v/h.

Hence, the one loop effective action is defined by :

elonetoon = [ Dy [ Dy exp{i [ d% x(il2)x}

C.
— (det(iD))" (€9

with n ¥ the number of flavour of fermions

The square root of the covariant derivative operator is used instead of directly calculating det(i[):

A= (ip)* = —4*9DyuD,
= —3 {77} DuDy — 3 [v*,7"] DuDy (C.6)
= —D?+2iS*" [D,D,] par anti-symmetry of S* = i' [, 7]
= —D?4 Fp Smb
Hence, the fermions give a contribution of
n
Tone-loop = fz?f Tr(lnA) (C.7)

They give no contribution to the Sy - function so I will from now on ignore this part.

C.2.2 Gauge and ghost field one loop effective action

Using (C.4) and the same argument as in the one loop effective action for the gauge field is defined
by the equation:

efone-loop(4) = [DW [ De [ Dz exp{i [ ddz (We0®mWh —z9(D, D*)abcb)}

1 b (C.8)
= ———det((D,DH)*
det(OﬁZ{,) € (( H ) )
where

dd 1 pa Aab 1y7vb d 1 a\2 1 a VI a 1 Lra)2 1 pva pabeyrrbyrre
A% gWHOLW™ = [ d%e ( =5 (DuWy)" + 5 (DuWo ) (D"WH)* — 2*5(17 W)™ = g f W, wy
(C.9)

Therefore, the one loop effective action for the gauge field is

i Aab . ab

Cone-loop = B Tr (ln OW) —4Tr (ln (D,D") ) (C.10)
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C.3 Computations of the 3y function

We will note P® = (D, D*)® and ignore in this part the fermions contribution to the running of the

strong coupling constant. To simplify the calculations, we choose to perform them with the Feynman gauge
meaning £ = 1. ((C.9)) then becomes,
O, = (D¥D.)gu, + (DuD,)® — (D, D) — Fe fecd

(C.11)
— (Dwa)abguu _ 2Fﬁufcab

as [Dy, Dl,]ab = —F/jl,fc‘lb in the adjoint representation.

To lowest order, it is only necessary to find corrections coming from quadratic terms. To do that, one

technique is to vary twice I'ope-loop and then set A = 0.
Varying twice the 1PI effective action gives
j 1 oA i 1 .1 4 1 5n
5°Toneloop = %Tr (0520) iy <A5050) —iTr (155213) +iTr <5

Varying A of §A leads to :

| =
Y
| =

515) (C.12)

0Ff, = DudAS — Dy A,
(0(Du) )" = f6 AL ¢ = —i(T?)aed AL g°

with ¢ a field in the adjoint representation.

After varying O and P and then setting A = 0, the different elements in (C.12)) have the expressions

below :

0% =06%g,

509, = —iT% Vg, —2iB;, TS,

5208 = — (TT° + T°T4) ™ §AL5AS gy + 2TE (FALSAS — 5ALSAS) feob 13
pab — gab (C.13)
§Pab = T4V

5P = —2(T°T?) 0 ASa,

where ¥ = (0A50 + 0,6A%) and B, = (9,045 — 9, A%)

Using ((C.13) and evaluating the trace over the gauge group and over the metric, (C.12)) becomes :

0 Toneloop = —i(d —2)Cy Trs (HOALARY) + £C4(d —2) Trs (Y 4Y)

Lo (C.14)
—2iCy Trs (5B, 5 B5y)

with Cy4 the quadratic Casimir operator in the adjoint representation and Trg the trace over just the

operators.

In order to evaluate the different traces in (C.14)), the operators need to be expressed in momentum

space:
plgle) = 2m)s D (p—p)
SA Y = §A%(p— ¢
(p| ') - (p—1) (C.15)
(B Ip) =B, (p—1)
Yy  =i(p +p)uwdA¥(p—p)
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The first two terms in (C.14)) give then a contribution of

d
P = / (gﬂljd SAM(—k)SAY (k) F (k) (C.16)
with
i d
Fuy(k) = _§CA (d—2) / (gﬁl))d P2 (p:— k)2 [(2pu + k) (2py + ky) — 29, (p + k‘)ﬂ (C.17)

Using Feynman parametrisation, Wick rotation, doing a dimensional regularisation with d = 4 —¢
and using the Legendre duplication formula for the Gamma function T'(2)T (2 + §) = 2172%,/7T(22), the

previous expression becomes :

oq_1-aT(§-DI(2—9) 5 a2
Fu (k) = (d —2)2042 %7272 =2 r(a) 22 (k*) 2 (kuky — k2 gu) (C.18)
The last term give a contribution of
k. .
P = / AW (—K)SA ()G () (C.19)
(2m)
with .
[ d% 1 2
Guw(k)=2 2C kuky — guk C.20
2 ( ) Z/ (27T)d Apz(p+k)2( 14 9u ) ( )
Through the same process, G, becomes :
L aT(2-Hr(d -1 —4
G = —2C42" 205272 ( Fii_gi )(kQ) > (kuky — guk?) (C.21)
2
The sum of G, (k) and F),, (k) gives :
_ _ 2\ 19\— £ _oq Ll_d Cj_ _@ d—2 _ 24
Fu + G = (kuky — g k”) (k7)) 72 |2C427 w2 21“(2 1T(2 2) <1"(J2“1) F(%)

= (k,ukzl - g,quQ)(kz)_gcd

62F0ne_100p corrects the tree-level 1PI effective action
d —€ 1 e ruve
Iiree = d rTp - @F#VF
The arbitrary parameter y here is to keep the coupling constant g dimensionless.

Deriving this twice and only keeping to quadratic order in the fields gives

, A% 1 _. .
6T tree = 1 E/WQQ(SAHC(—k)éA C(k/’)(kuku—k/’quu) (C.22)

Adding (C.14) to (C.22) gives then :

o f k1 o -
6T =p /WQQ(SA#C(—k)(SA (k) (kyky — k*gyu) (C.23)
phy
with
1 1 L €
ol Ty (E) (C.24)
phy
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gphy is the physical coupling constant. hence, it should be independent of the arbitrary parameter p.

This constraint leads to the renormalisation group equation for the coupling constant.

LI T I
dln(%) gzhy

More concretely, the constraint is :

giving then

dg
dln(%)

1
= 5dog3 (C.25)

with the constant dg = lim ecy
e—0

m
sin(mz)’

More precisely,using I'(1 — 2)['(z) = z ¢ Z and some specific values of the Gamma function

r(3) = 3vrand 1(3) =

1 11
do = 2Ca g <‘3)

Hence,

_dg g3 11
By = I (E) Ca (an )2 (—3> (C.26)
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